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Abstract  

       In this memoir, we present some fractional integral inequalities as 

Chebyshev-Gruss type using the Hadamard fractional integral. Also, we study 

new integral inequalities are obtained by  using Young and weighted AM-GM 

inequalities.  

Keywords :Hadamard  fractional integral , Young and weighted AM-GM inequalities. 

Résumé  

      Dans ce mémoire, nous présentons quelques inégalités intégrales 

fractionnaires comme type de Chebyshev-Gruss pour  l’intégrale fractionnaire 

de Hadamard. Aussi, on étudie  quelques nouvelles  inégalitées intégrales  qui 

btenu par  l’inégalité  de Young  et l’inégalité  ponderée de MA-MG. 

Mots clés : Intégrale fractionnaire de Hadamard, inégalités de Young et MA-MG ponderée. 

 

 خلاصة

 و متباَنت غزوس تشبشاف  متباَنتك  انمتباَناث انتكامهُت انكسزَت قدمنا بعض ، نمذكزةفً هذه ا     

 باستعمال  نذانك قمنا بدراست بعض انمتباَناث انحدَثت انناتجت. اضافت دامزباستعمال انتكامم انكسزٌ نها،

 .انمتىسط انهندسٍ  -َىنغ ومتباَنت انمتىسط انحسابٍ تمتباَن

 .انمتىسط انهندسٍ -َىنغ ومتباَنت انمتىسط انحسابٍ تمتباَن ,.نهادامار انكسزي نتكامماانكهماث انمفتاحُت:
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Introduction
In mathematical analysis, the fractional calculus is a very helpful

tool to perform differentiation and integration with the real number
or complex number powers of the differential or integral operators.

This subject has earned the attention of many researchers and
mathematicians during lest few decades(see[[1, 8, 14, 17, 18]).

There is a large number of the fractional integral operators dis-
cussed in literature but because of their applications in many fields of
sciences.

Another kind of fractional devirative that appears in the lit-
erature is the fractional devirative due to Hadamard introduced in
1892 (see[13, 14]), which differs from the Riemann-Liouville and Ca-
puto deviratives in the sense that the kernel of the integral con-
tains logarithmic function of arbitrary exponent. Details and prop-
erties of Hadamard fractional devirative and integral can be found
in(see[3, 6, 15, 16]).

Recently in the literature, there appeared some results on frac-
tional integral inequalities using Hadamard fractional integral.

The main attention in this memoir, was focused on the fractional
integral inequalities using the Hadamarad fractional integral.Several
new integral inequalities are obtained including a Gruss type Hadamard
fractional integral inequality(see[12]).

This memoir consists of three chapters. The first chapter,
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contains the definitions of fractional analysis as functional spaces of
Lebesgue measurable functions,absolutely functions, continuous func-
tions and their weighted. Also some properties of fractional integrals
as the Riemann-Liouville and Hadamard.
In the second chapter, we use Hadamard fractional integral to
establish some integral inequalities of Chebyshev-Gruss type, by us-
ing one or two parameters. In the last chapter, we present some
new fractional integral inequalities using the Hadamard fractional, are
obtained by using Young and weighted AM-GM inequalities.
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Chapter 1

Preliminaries

1.1 Introduction
In this chapter we present definitions of spaces as p-integrable ( Lebesgue
measurable functions), absolutely continuous, continuous functions
and their weighted. We also give some properties of the Euler gamma
function and the Hadamard fractional integral(see[16, 19]).

1.1.1 The spaces Lp, Lp(ω) and Xp
c (Ω)

Definition 1.1. Let Ω = [a, b],−∞ ≤ a < b ≤ ∞ be a finite or infinite
interval of the real. We denote by, LLp

= LLp
(Ω)(1 ≤ p ≤ ∞) the set

of all Lebesgue measurable functions f(x), on Ω for which ∥ f ∥Lp
<∞,

where

∥ f ∥Lp
=

(∫
Ω

| f(t) |p dt
) 1

p

(1 ≤ p <∞),

and

∥ f ∥L∞= ess sup
a≤x≤b

| f(x) | .

There ess sup | f(x) | is the eesential maximum of the function | f(x) |
.

Definition 1.2. Let ω(x) be a non-negative function. We denote by
Lp(Ω) = Lp(Ω, ω) the space of functions f(x), measurable on Ω for
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which

∥ f ∥Lp(ω)=

(∫
Ω

ω(t) | f(t) |p dt
) 1

p

<∞.

Definition 1.3. We denote by Xp
c (Ω)(c ∈ R; 1 ≤ p ≤ ∞) consists of

all Lebesgue measurable functions f(x), on Ω, ∥ f ∥Xp
c
<∞, with

∥ f ∥Xp
c
=

(∫
Ω

| tcf(t) |p dt
) 1

p

(1 ≤ p <∞),

and
∥ f ∥X∞

c
= ess sup

x∈Ω
[xc | f(x) |] .

In particuler, when c = 1
p, the space Xp

c coincides whith the Lp.

1.1.2 The space AC(Ω)

Definition 1.4. A function f(x) is called absolutely continuous on an
interval Ω, if for any ε > 0, there exists a δ > 0, such that for any
finite set pairwise non intersecting intervals [ak, bk] ⊂ Ω, k = 1, 2, ..., n
such that

∑n
k=1(bk − ak) < δ, the inequalty

∑n
k=1 | f(bk) − f(ak) |< ε

holds.
The space denoted by AC(Ω).
Remark 1.1. It is known that AC(Ω) coincides with the space of
primitives of Lebesgue summable functions

f(x) ∈ AC(Ω) ⇐⇒ f(x) = c+

∫ x

a

φ(t)dt, φ ∈ L1(Ω),

where, φ(t) = f ′(t), c = f(a).

1.1.3 Some properties

The Young inequality
Let a, b ≥ 0 and 1 ≤ θ1, θ2 ≤ ∞, be two conjugate exposents, alors

ab ≤ aθ1

θ1
+
bθ2

θ2
,

1

θ1
+

1

θ2
.
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Example 1.1. For θ1 = θ2 = 2, then a2+b2

2 ≥ ab.

Property 1.1. The inequality

θ1a+ θ2b ≥ aθ1bθ2, θ1 + θ2 = 1,

is well-known weighted AM-GM inequality.

The Minkowsky inequality
If f, g ∈ Lp, p, p

′ ≥ 1 then f + g ∈ Lp and

∥ f + g ∥Lp
≤∥ f ∥Lp

+ ∥ g ∥Lp
.

The Hölder inequality
If f ∈ Lp, g ∈ Lp′, then fg ∈ L1(Ω) and∫

Ω

| f(x)g(x) | dx ≤∥ f ∥Lp
∥ g ∥Lp′ ,

1

p
+

1

p′
= 1.

The Chebyshev-Grüss type inequality
f, g : Ω → R are absolutely continuous functions, suth that
φ ≤ f(x) ≤ Φ, ψ ≤ g(x) ≤ Ψ, for all x ∈ [a, b]. We have

| T (f, g) |≤ 1

4
(Φ− φ)(Ψ− ψ), φ,Φ, ψ,Ψ ∈ R,

where,

T (f, g) =
1

b− a

∫ b

a

f(x)g(x)dx−
(

1

b− a

∫ b

a

f(x)dx
1

b− a

∫ b

a

g(x)dx

)
.

Chebyshev functional[2].
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1.2 Some special functions

The gamma-function Γ(x)

The Euler integral

Γ(x) =

∫ ∞

0

tx−1e−tdt, x > 0,

is called the gamma-function.
Property 1.2.

• Γ(x+ 1) = xΓ(x), x > 0.

• Γ(1) = 1.

The beta-function B(x, y)

The Euler integral

B(x, y) =

∫ 1

0

tx−1(1− t)y−1dt, x, y > 0.

is called the beta-function.
Property 1.3.

• B(x, y) = Γ(x)Γ(y)
Γ(x+y) , •B(x, y) = B(y, x).

1.3 Description of fractional calculus
We will give the notation and basic definitions.

1.3.1 Riemann-Liouville fractional integral
Definition 1.5. [11] The Reimann-Liouville fractional integral of or-
der α ∈ R (α > 0), for a function f ∈ L1([a, b]) is defined as

Iαf(x) =
1

Γ(α)

∫ x

0

(x− t)α−1f(t)dt; α > 0, t > 0, (1.1)

I0f(x) = f(x),

6



where Γ(α) =
∫∞
0 e−ttα−1dt.

Property 1.4.

•IαIβf(x) = I(α+β)f(x) (semigroupe).

•IαIβf(x) = IβIαf(x) (commutative).

1.3.2 Hadamard fractional integral
Definition 1.6. Let (a,b) (0 ≤ a < b ≤ ∞) and α ∈ R (α > 0). The
Hadamard fractional integral of order α of function f(x) ∈ L1([a, b]),
for all x > 1 is defined as,

HJ
αf(x) =

1

Γ(α)

∫ x

1

(
ln(

x

t
)
)α−1

f(t)
dt

t
. (1.2)

where Γ(α) =
∫∞
0 e−ttα−1dt.

Property 1.5.

•HJα
HJ

βf(x) = HJ
(α+β)f(x) (semigroupe).

•HJα
HJ

βf(x) = HJ
β
HJ

αf(x) (commutative).

(1.3)

• Linearity verified.

Property 1.6.

• If f(x) = (ln x)β−1.

HJ
α(lnx)β−1 =

Γ(β)

Γ(β + α)
(lnx)β+α−1 (1.4)

Example 1.2.

Let α > 0, β > 0, x > a and f(x) = (ln(xa))
β−1.

We obtain

HJ
α(ln(

x

a
))β−1 =

1

Γ(α)

∫ x

a

(ln
x

t
)α−1 ln(

t

a
)β−1dt

t
, (1.5)
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suppose

u =
ln(xt )

ln(xa)
(1.6)

then

HJ
α(ln(

x

a
))β−1 =

ln(x)α+β−1

Γ(α)

∫ 1

0

uα−1(1− u)β−1du

=
B(β, α)

Γ(α)
(ln(

x

a
))β+α−1

=
Γ(β)

Γ(β + α)
(ln(

x

a
))β+α−1.

If a = 1, we obtain inequality (1.3).

Example 1.3.

If β = 1, f(x) = 1. in (1.4)

HJ
α1 =

(ln(x))α

Γ(α + 1)
. (1.7)

Hypothes 1.1. Let f and g be two integrable functions on [1,∞).
Assume the following(H1), (H2)There exist real constants m,M, n,N
such that

(H1) m ≤ f(x) ≤M (1.8)
(H2) n ≤ g(x) ≤ N ; (1.9)

Hypothes 1.2. Let f and g be two integrable functions on [1,∞). As-
sume the following(H ′

1), (H
′
2)There exist φ1, φ2, ψ1 and ψ2 integrable

functions such that

(H ′
1) φ1 ≤ f(x) ≤ φ2 (1.10)

(H ′
2) ψ1 ≤ g(x) ≤ ψ2. (1.11)

8



Chapter 2

Some integral
inequalities for
Hadamard fractional
integral

2.1 Introduction
In this chapter, we use Hadamard fractional integral, to establish cer-
tain integral inequalities, as Chebyshev-Gruss type by using one or
two parameters(see[7, 8, 9, 10]).

2.2 Some integral inequalities for HJ in-
tegral

Theorem 1. Let f be an integrable function on [1,∞) satisfying the
condition (1.7). Then for t > 1 and α, β > 0, one has

m
(ln t)β

Γ(β + 1)H
Jαf(t) +M

(ln t)α

Γ(α + 1)H
Jβf(t)

≥ mM
(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jαf(t)HJ

βf(t). (2.1)
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Proof
From (1.7), for all τ ≥ 1, ρ ≥ 1, we have

(M − f(τ))(f(ρ)−m) ≥ 0. (2.2)

Therefore,
Mf(ρ) +mf(τ) ≥ mM + f(τ)f(ρ). (2.3)

Mutiplying both sides of (2.3) by (ln t
τ )

α−1

τΓ(α) , τ ∈ (1, t), we get

Mf(ρ)
(ln(t/τ))α−1

τΓ(α)
+m

(ln(t/τ))α−1

τΓ(α)
f(τ)

≥ mM
(ln(t/τ))α−1

τΓ(α)
+ f(ρ)

(ln(t/τ))α−1

τΓ(α)
f(τ). (2.4)

Integrating both sides of (2.4) with respect to τ on (1,t), we obtain

Mf(ρ)
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1
dτ

τ

+ m
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1

f(τ)
dτ

τ

≥ mM
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1
dτ

τ

+ f(ρ)
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1

f(τ)
dτ

τ
, (2.5)

which yeilds

Mf(ρ)HJ
α1 +mHJ

αf(t) ≥ mMHJ
α1 + f(ρ)HJ

αf(t). (2.6)

Multiplying both sides of (2.6) by (ln t
ρ )

β−1

ρΓ(β) , ρ ∈ (1, t), we have

MHJ
α (ln(t/ρ))

β−1

ρΓ(β)
f(ρ)

+ mHJ
αf(t)

(ln(t/ρ))β−1

ρΓ(β)

10



≥ mMHJ
α (ln(t/ρ))

β−1

ρΓ(β)

+ HJ
αf(t)

(ln(t/ρ))β−1

ρΓ(β)
f(ρ). (2.7)

Integrating both sides of (2.7) with respect to ρ on (1,t), we get

MHJ
α1

1

Γ(β)

∫ t

1

(
ln
t

ρ

)β−1

f(ρ)
dρ

ρ

+ mHJ
αf(t)

1

Γ(β)

∫ t

1

(
ln
t

ρ

)β−1
dρ

ρ

≥ mMHJ
α1

1

Γ(β)

∫ t

1

(
ln
t

ρ

)β−1
dρ

ρ

+ HJ
αf(t)

1

Γ(β)

∫ t

1

(
ln
t

ρ

)β−1

f(ρ)
dρ

ρ
. (2.8)

From(1.6), we deduce inequality (2.1). □

Theorem 2. Let f be an integrable function on [1,∞) satisfying the
condition (1.7). Then for t > 1 and α, β > 0, one has

(m+M)2
(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jαf 2(t)

(ln t)β

Γ(β + 1)

+ HJ
βf 2(t)

(ln t)α

Γ(α + 1)
+ 2HJ

αf(t)HJ
βf(t)

≥ 2(m+M)

(
HJ

αf(t)
(ln t)β

Γ(β + 1)
+H Jβf(t)

(ln t)α

Γ(α + 1)

)
. (2.9)

Proof
By inequality (2.2), we setting

a =M − f(τ), b = f(ρ)−m.

Now, according to the Young’s inequality and for, p = p′ = 2, we have

11



(M − f(τ))2 + (f(ρ)−m)2 ≥ 2(M − f(τ))(f(ρ)−m). (2.10)

Therefore

(M +m)2 + f 2(τ) + f 2(ρ) + 2f(ρ)f(τ)

≥ 2(M +m)(f(τ) + f(ρ)). (2.11)

Multiplying both sides of (2.11) by

(ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β), τ, ρ ∈ (1, t),

we get

(M +m)2(ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β))

+ (ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β))(f(τ) + f(ρ))2

≥ 2(M +m)

× (ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β))f(τ) + f(ρ)). (2.12)

Then integrating(2.12) over (1, t), we obtain

(M +m)2HJ
α1HJ

β1 +H Jβ1HJ
αf 2(t)

+ HJ
α1HJ

βf 2(t) + 2HJ
αf(t)HJ

βf(t)

≥ 2(m+M)
(
HJ

α1HJ
βf(t)HJ

β1HJ
αf(t)

)
. (2.13)

Hence

(m+M)2
(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jαf 2(t)

(ln t)β

Γ(β + 1)

+ HJ
βf 2(t)

(ln t)α

Γ(α + 1)
+ 2HJ

αf(t)HJ
βf(t)

≥ 2(m+M)

(
HJ

αf(t)
(ln t)β

Γ(β + 1)
+H Jβf(t)

(ln t)α

Γ(α + 1)

)
. □
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Theorem 3. Let f be an integrable function on [1,∞) satisfying the
condition (1.7). Then for t > 1 and α, β > 0, one has

M
(ln t)α+β

Γ(α + 1)Γ(β + 1)
+

(ln t)α

Γ(α + 1)H
Jβf(t)

≥ m
(ln t)α+β

Γ(α + 1)Γ(β + 1)
+

(ln t)β

Γ(α + 1)H
Jαf(t)

+ 2HJ
α(M − f)1/2(t)HJ

β(f −m)1/2(t). (2.14)

Proof
From property 1.1 and θ1 = θ2 =

1
2 ,

by setting

a =M − f(τ), b = f(ρ)−m, τ, ρ > 1,

we have

(M − f(τ)) + (f(ρ)−m)

2
≥

√
(M − f(τ))

√
(f(ρ)−m) (2.15)

Multiplying both sides of (2.15) by,

(ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β), τ, ρ ∈ (1, t),

we get

(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
(M − f(τ))

+
(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
(f(ρ)−m)

≥ 2
(ln(t/τ))α−1

τΓ(α)

√
(M − f(τ))

(ln(t/ρ))β−1

ρΓ(β)

√
(f(ρ)−m),(2.16)

where

M
(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
+

(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
f(ρ)
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≥ m
(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
+

(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
f(τ)

+ 2
(ln(t/τ))α−1

τΓ(α)

√
(M − f(τ))

(ln(t/ρ))β−1

ρΓ(β)

√
(f(ρ)−m), (2.17)

then integrating (2.17), over (1, t), we obtain

MHJ
α1HJ

β1 +H Jβ1HJ
βf(t)

≥ mHJ
α1HJ

β1 +H Jβ1HJ
αf(t)

+ 2HJ
α(M − f)

1
2 (t)HJ

β(f −m)
1
2 (t). (2.18)

The inequalty (2.14), is proved. □
Theorem 4. Let f and g be two integrable functions on [1,∞) satis-
fying the condition (1.7) and (1.8). Then for t > 1 and α, β > 0, one
has

n(ln t)β

Γ(β + 1)H
Jαf(t) +

M(ln t)α

Γ(α + 1)H
Jβg(t)

≥ nM(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jαf(t)HJ

βg(t), (2.19)

m(ln t)β

Γ(β + 1)H
Jαg(t) +

N(ln t)α

Γ(α + 1)H
Jβf(t)

≥ mN(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jβf(t)HJ

αg(t), (2.20)

MN(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jαf(t)HJ

βg(t)

≥ M(ln t)α

Γ(α + 1)H
Jβg(t) +

N(ln t)β

Γ(β + 1)H
Jαf(t), (2.21)

mn(ln t)α+β

Γ(α + 1)Γ(β + 1)
+H Jαf(t)HJ

βg(t)

≥ m(ln t)α

Γ(α + 1)H
Jβg(t) +

n(ln t)β

Γ(β + 1)H
Jαf(t). (2.22)
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Proof
To prove inequality (2.19), from hypothes 1.1, we have for t ∈ [1,∞)
that

(M − f(τ))(g(ρ)− n) ≥ 0.

Therfore,
Mg(ρ) + nf(τ) ≥ nM + f(τ)g(ρ). (2.23)

Multiplying both sides of (2.23) by (ln(t/τ))α−1/τΓ(α), τ ∈ (1, t),
we get

g(ρ)
M(ln(t/τ))α−1

τΓ(α)
+ n

(ln(t/τ))α−1

τΓ(α)
f(τ)

≥ nM
(ln(t/τ))α−1

τΓ(α)
+ g(ρ)

(ln(t/τ))α−1

τΓ(α)
f(τ). (2.24)

Integrating both sides of (2.24) with respect to τ on (1,t), we obtain

g(ρ)
M

Γ(α)

∫ t

1

(ln(t/τ))α−1dτ

τ

+
n

Γ(α)

∫ t

1

(ln(t/τ))α−1f(τ)
dτ

τ

≥ nM

Γ(α)

∫ t

1

(ln(t/τ))α−1dτ

τ

+ g(ρ)
1

Γ(α)

∫ t

1

(ln(t/τ))α−1f(τ)
dτ

τ
, (2.25)

where

Mg(ρ)HJ
α1 + nHJ

αf(t) ≥ nMHJ
α1 + g(ρ)HJ

αf(t). (2.26)

Multiplying both sides of (2.26) by (ln(t/ρ))β−1/ρΓ(β), ρ ∈ (1, t),
we have
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MHJ
α1

(ln(t/ρ))β−1

ρΓ(β)
g(ρ)

+ HJ
αf(t)

(ln(t/ρ))β−1

ρΓ(β)
n

≥ nMHJ
α1

(ln(t/ρ))β−1

ρΓ(β)

+ HJ
αf(t)

(ln(t/ρ))β−1

ρΓ(β)
g(ρ). (2.27)

Integrating both sides of (2.27) with respect to ρ on (1, t), we get the
inequality (2.19).

Finally, to prove (2.20) − (2.22), we use similar arguments as in
the proof of inequality (2.19).

Remark 2.1. We use the following inequalities.

(2.20) (N − g(τ))(f(ρ)−m) ≥ 0,

(2.21) (M − f(τ))(g(ρ)−N) ≤ 0,

(2.22) (m− f(τ))(g(ρ)−m) ≤ 0. □

Lemma 2.1. Let f be an integrable functions on [1,∞) satisfying
(1.7). Then for all t > 1, α > 0, one has

(ln t)α

Γ(α + 1)H
Jαf 2(t)− (HJ

αf(t))2

=

(
M

(ln t)α

Γ(α + 1)
−H Jαf(t)

)(
HJ

αf(t)−m
(ln t)α

Γ(α + 1)

)
− (ln t)α

Γ(α + 1)H
Jα((M − f(t))(f(t)−m)). (2.28)

Proof
To prove (see[8]). □
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Theorem 5. Let f and g be an integrable function on [1,∞) satisfying
the condition (1.7) and (1.8). Then for all t > 1, α > 0, we have

| (ln t)α

Γ(α + 1)H
Jαfg(t)−H Jαf(t)HJ

αg(t) |

≤
(

1(ln t)α

2Γ(α + 1)

)2

(M −m)(N − n). (2.29)

Proof
To prove Theorem 5 we need the preceding equality (2.28), in Lemma
2.1. More details, one can consult [3]. □
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Chapter 3

New generalisations of
fractional integral
inequalities using
Hadamard fractional
integral

3.1 Introduction
In this chapter, we present some new fractional integral inequalities,
using the Hadamard fractional integral, are obtained by using Young
and weighted AM-GM inequalities(see[4, 5, 20]).

3.2 Main results on fractional integral in-
equalities

Theorem 6. Let f be an integrable function on [1,∞) satisfying the
condition (1.9). Then for all t > 1, α > 0, β > 0, we have

HJ
βφ1(t)HJ

αf(t) +H Jαφ2(t)HJ
βf(t)

≥ HJ
αφ2(t)HJ

βφ1(t) +H Jαf(t)HJ
βf(t). (3.1)

18



Proof
From (1.9), for all τ ≥ 1, ρ ≥ 1, we have

(φ2(τ)− f(τ))(f(ρ)− φ1(ρ) ≥ 0. (3.2)

Therefore

φ2(τ)f(ρ) + φ1(ρ)f(τ) ≥ φ1(ρ)φ2(τ) + f(τ)f(ρ). (3.3)

Multiplying both sides of (3.3) by (ln( t
τ )

α−1

τΓ(α) , τ ∈ (1, t), we get

f(ρ)
(ln(t/τ))α−1

τΓ(α)
φ2(τ) + φ1(ρ)

(ln(t/τ))α−1

τΓ(α)
f(τ)

≥ φ1(ρ)
(ln(t/τ))α−1

τΓ(α)
φ2(τ) + f(ρ)

(ln(t/τ))α−1

τΓ(α)
f(τ). (3.4)

Integrating both sides of (3.4) with respect to τ on (1, t), we obtain

f(ρ)
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1

φ2(τ)
dτ

τ

+ φ1(ρ)
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1

f(τ)
dτ

τ

≥ φ1(ρ)
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1

φ2(τ)
dτ

τ

+ f(ρ)
1

Γ(α)

∫ t

1

(
ln
t

τ

)α−1

f(τ)
dτ

τ
, (3.5)

which yeilds

f(ρ)HJ
αφ2(τ)+φ1(ρ)HJ

αf(t) ≥ φ1(ρ)HJ
αφ2(τ)+f(ρ)HJ

αf(t). (3.6)

Multiplying both sides of (3.6) by (ln(t/τ))β−1/ρΓ(β), ρ ∈ (1, t),
we have

HJ
αφ2(τ)

(ln(t/ρ))β−1

ρΓ(β)
f(ρ)
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+ HJ
αf(t)

(ln(t/ρ))β−1

ρΓ(β)
φ2(τ)

≥ HJ
αφ2(τ)

(ln(t/ρ))β−1

ρΓ(β)
φ1(ρ)

+ HJ
αf(t)

(ln(t/ρ))β−1

ρΓ(β)
f(ρ). (3.7)

Integrating both sides of (3.7) with respect to ρ on (1, t), we get

HJ
αφ2(τ)

1

Γ(β)

∫ t

1

(
ln
t

ρ

)β−1

f(ρ)
dρ

ρ

+ HJ
αf(t)

1

Γ(β)

∫ t

1

(
ln
t

ρ

)β−1

φ1(ρ)
dρ

ρ

≥ HJ
αφ2(τ)

1

Γ(β)

∫ t

1

(ln tρ)β−1 φ1(ρ)
dρ

ρ

+ HJ
αf(t)

1

Γ(β)

∫ t

1

(
log

t

ρ

)β−1

f(ρ)
dρ

ρ
. (3.8)

Hence, we deduce inequality (3.1). □

Example 3.1. Let f be an integrable function on [1,∞) satisfying the
condition

ln t ≤ f(t) ≤ 1 + ln t,

for all t ≥ 1. Then for t > 1 and α = β > 0, we deduce(
2(ln t)α+1

Γ(α + 2)
+

(ln t)α

Γ(α + 1)

)
H

Jαf(t)

≥
(
(ln t)α+1

Γ(α + 2)
+

(ln t)α

Γ(α + 1)

)(
(ln t)α+1

Γ(α + 2)

)
+ (HJ

αf(t))2.

Remark 3.1. Applying Theorem 6 for φ1 = m and φ2 =M, we obtain
Theorem 1.
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Theorem 7. Let f be an integrable function on [1,∞) satisfying the
condition 1/θ1 + 1/θ2 = 1. Suppose that (1.9) holds. Then for all
t > 1, α > 0, β > 0, we have

1

θ1

(ln t)β

Γ(β + 1)H
Jα((φ2 − f)θ1)(t)

+
1

θ2

(ln t)α

Γ(α + 1)H
Jβ((f − φ1)

θ2)(t)

+ HJ
αφ2(t)HJ

βφ1(t) +H Jαf(t)HJ
βf(t)

≥ HJ
αφ2(t)HJ

βf(t) +H Jαf(t)HJ
βφ1(t). (3.9)

Proof
Putting

a = φ2(τ)− f(τ), τ > 1

and
b = f(ρ)− φ1(ρ), ρ > 1.

By the Young’s inequality, we have
1

θ1
(φ2(τ)− f(τ))θ1 +

1

θ2
(f(ρ)−φ1(ρ)

θ2 ≥ (φ2(τ)− f(τ))(f(ρ)−φ1(ρ).

(3.10)
Multiplying both sides of (3.10)by(ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β), τ, ρ ∈

(1, t), we get

1

θ1

(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(α)
(φ2(τ)− f(τ))θ1

+
1

θ2

(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(α)
(f(ρ)− φ2(τ))

θ2

≥ (log(t/τ))α−1

τΓ(α)
(φ2(τ)− f(τ))

(ln(t/ρ))β−1

ρΓ(β)
(f(ρ)− φ1(ρ).(3.11)

Then, integrating (3.11) with respect to τ and ρ from 1 to t, we
have

1

θ1H
Jβ(1)(t)HJ

α(φ2(τ)− f)θ1(t)
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+
1

θ2H
Jα(1)(t)HJ

β(f − φ1(ρ))
θ2(t)

≥ HJ
α(φ2(τ)− f)(t)HJ

β(f − φ1(ρ)(t). (3.12)

Which implies (3.9). □
Example 3.2. Let f be an integrable function on [1,∞) satisfying the
condition

ln t ≤ f(t) ≤ 1 + ln t,

for all t ≥ 1. Then for t > 1 α = β > 0, and θ1 = θ2 =
1
2 , we have

1

2

(ln t)α

Γ(α + 1)

(
(ln t)α

Γ(α + 1)
+

2(ln t)α+1

Γ(α + 2)
+

4(ln t)α+2

Γ(α + 3)
+ 2HJ

αf 2(t)

)
+

(
(ln t)α

Γ(α + 1)
+

(ln t)α+1

Γ(α + 2)

)
(ln t)α+1

Γ(α + 2)
+ (HJ

αf(t))2

≥
(

(ln t)α

Γ(α + 1)
+

(ln t)α+1

Γ(α + 2)

)
H

Jαf(t)

+
2(ln t)α

Γ(α + 1)H
Jα(f ln t)(t).

Remark 3.2. Applying Theorem 7 for φ1 = m, φ2 = M and θ1 =
θ2 = 2, we obtain inequality (2.9) in Theorem 2.

Theorem 8. Let f be an integrable function on [1,∞) satisfying the
condition θ1+θ2 = 1. Suppose that (1.9) holds. Then for all t > 1, α >
0, β > 0, we have

θ1
(ln t)β

Γ(β + 1)H
Jαφ2(t) + θ2

(ln t)α

Γ(α + 1)H
Jβf(t)

≥ HJ
α(φ2 − f)θ1(t)HJ

β(f − φ1)
θ2(t)

+ θ1
(ln t)β

Γ(β + 1)H
Jαf(t) + θ2

(ln t)α

Γ(α + 1)H
Jβφ1(t). (3.13)

Proof
Putting

a = φ2(τ)− f(τ), τ > 1
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and
b = f(ρ)− φ1(ρ), ρ > 1.

By the weighted AM-GM inequality, we get

θ1(φ2(τ)−f(τ))+ θ2(f(ρ)−φ1(ρ)) ≥ (φ2(τ)−f(τ))θ1(f(ρ)−φ1(ρ))
θ2.

(3.14)
Multiplying both sides of (3.14) by (ln(t/τ))α−1(ln(t/ρ))β−1/τρΓ(α)Γ(β), τ, ρ ∈

(1, t),we get

θ1
(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
(φ2(τ)− f(τ))

+ θ2
(ln(t/τ))α−1(ln(t/ρ))β−1

τρΓ(α)Γ(β)
(f(ρ)− φ2(τ))

≥ (ln(t/τ))α−1

τΓ(α)
(φ2(τ)− f(τ))θ1

(ln(t/ρ))β−1

ρΓ(β)
(f(ρ)− φ1(ρ))

θ2.(3.15)

Then, integrating (3.15) with respect to τ and ρ from 1 to t, we
have

θ1HJ
β(1)(t)HJ

α(φ2(τ)− f)(t) + θ2HJ
α(1)(t)HJ

β(f − φ1(ρ))(t)

≥ HJ
α(φ2(τ)− f)θ1(t)HJ

β(f − φ1(ρ))
θ2(t). (3.16)

Then using the inequalty (3.14), hence inequalty(3.13). □
Example 3.3. Let f be an integrable function on [1,∞) satisfying the
condition

ln t ≤ f(t) ≤ 1 + ln t,

for all t ≥ 1. Then for t > 1 and α = β > 0, we have

(ln t)2α

Γ2(α + 1)

≥ 2HJ
α
(√

1 + ln t− f
)
(t)HJ

α
(√

− ln t+ f
)
(t).

Remark 3.3. Applying Theorem 8 for φ1 = m, φ2 = M and θ1 =
θ2 =

1
2 , we obtain inequality (2.14) in Theorem 3.
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Theorem 9. Let f and g be two integrable functions on [1,∞) sat-
isfying the condition (1.9) and (1.10). Then for t > 1 and α, β > 0,
one has

HJ
βψ1(t)HJ

αf(t) +H Jαφ2(t)HJ
βg(t)

≥ HJβψ1(t)HJ
αφ2(t) +H Jαf(t)HJ

βg(t). (3.17)

HJ
βφ1(t)HJ

αg(t) +H Jαψ2(t)HJ
βf(t)

≥ HJβφ1(t)HJ
αψ2(t) +H Jβf(t)HJ

αg(t). (3.18)

HJ
βψ2(t)HJ

αφ2(t) +H Jαf(t)HJ
βg(t)

≥ HJαφ2(t)HJ
βg(t) +H Jβψ2(t)HJ

αf(t). (3.19)

HJ
αφ1(t)HJ

βψ1(t) +H Jαf(t)HJ
βg(t)

≥ HJαφ1(t)HJ
βg(t) +H Jβψ1(t)HJ

αf(t). (3.20)

Proof
To prove (3.17), From (1.9) and (1.10), we have for t ∈ [1,∞) that
(φ2(τ)− f(τ))(g(ρ)− ψ1(ρ)) ≥ 0.

Therfore,

φ2(τ)g(ρ) + ψ1(ρ)f(τ) ≥ ψ1(ρ)φ2(τ) + f(τ)g(ρ). (3.21)

Multiplying both sides of (3.21) by (ln(t/τ))α−1/τΓ(α), τ ∈ (1, t), we
get

g(ρ)
(ln(t/τ))α−1

τΓ(α)
φ2(τ) + ψ1(ρ)

(ln(t/τ))α−1

τΓ(α)
f(τ)

≥ ψ1(ρ)
(ln(t/τ))α−1

τΓ(α)
φ2(τ) + g(ρ)

(ln(t/τ))α−1

τΓ(α)
f(τ). (3.22)
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Integrating both sides of (3.22) with respect to τ on (1, t), we obtain

g(ρ)
1

Γ(α)

∫ t

1

(ln(t/τ))α−1φ2(τ)
dτ

τ
+ ψ1(ρ)

1

Γ(α)

∫ t

1

(ln(t/τ))α−1f(τ)
dτ

τ

≥ ψ1(ρ)
1

Γ(α)

∫ t

1

(ln(t/τ))α−1φ2(τ)
dτ

τ

+ g(ρ)
1

Γ(α)

∫ t

1

(ln(t/τ))α−1f(τ)
dτ

τ
. (3.23)

Then we get

g(ρ)HJ
αφ2(t)+ψ1(ρ)HJ

αf(t) ≥ ψ1(ρ)HJ
αφ2(t)+g(ρ)HJ

αf(t). (3.24)

Multiplying both sides of (3.24) by (log(t/ρ))β−1/ρΓ(β), ρ ∈ (1, t),
we have

HJ
αφ2(t)

(log(t/ρ))β−1

ρΓ(β)
g(ρ) +H Jαf(t)

(ln(t/ρ))β−1

ρΓ(β)
ψ1(ρ)

≥ HJ
αφ2(t)

(ln(t/ρ))β−1

ρΓ(β)
ψ1(ρ) +H Jαf(t)

(ln(t/ρ))β−1

ρΓ(β)
g(ρ).(3.25)

Integrating both sides of (3.25) with respect to ρ on (1, t), we get
the inequality (3.17).

Finally, to prove (3.18) − (3.20), we use similar arguments as in
the proof of inequality (3.25).

Remark 3.4. We use the following inequalities.

(3.18) (N − g(τ))(f(ρ)−m) ≥ 0,

(3.19) (M − f(τ))(g(ρ)−N) ≤ 0,

(3.20) (m− f(τ))(g(ρ)−m) ≤ 0. □

Corollary 3.1. Applying Theorem 9 for φ1 = m, φ2,= M, ψ1 = n
and ψ2 = N, ew obtain the inequalities (2.19) − (2.22) in Theorem
4.
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Theorem 10. Let f and g be two integrable functions on [1,∞) sat-
isfying the condition 1/θ1 + 1/θ2 = 1. Suppose that (1.9) and (1.10)
hold. Then for all t > 1, α > 0, β > 0, we have

1

θ1

(ln t)β

Γ(β + 1)H
Jα(φ2 − f)θ1(t)

+
1

θ2

(ln t)α

Γ(α + 1)H
Jβ(ψ2 − g)θ2(t)

≥ HJ
α(φ2 − f)(t)HJ

β(ψ2 − g)(t), (3.26)

1

θ1H
Jα(φ2 − f)θ1(t)HJ

β(ψ2 − g)θ1(t)

+
1

θ2H
Jα(ψ2 − g)θ2(t)HJ

β(φ2 − f)θ2(t)

≥ HJ
α(φ2 − f)(ψ2 − g)(t)HJ

β(φ2 − f)(ψ2 − g)(t), (3.27)

1

θ1

(ln t)β

Γ(β + 1)H
Jα(f − φ1)

θ1(t)

+
1

θ2

(ln t)α

Γ(α + 1)H
Jβ(g − ψ1)

θ2(t)

≥ HJ
α(f − φ1)(t)HJ

β(g − ψ1)(t), (3.28)

1

θ1H
Jα(f − φ1)

θ1(t)HJ
β(g − ψ1)

θ1(t)

+
1

θ2H
Jα(g − ψ1)

θ2(t)HJ
β(f − φ1)

θ2(t)

≥ HJ
α(f − φ1)(g − ψ1)(t)HJ

β(f − φ1)(g − ψ1)(t). (3.29)

Proof
The inequalities (3.26) − (3.29) can be proved by choosing of the pa-
rameters in the Young inequality(Theorem7)
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(3.26) a = φ(τ)− f(τ),
b = ψ2(ρ)− g(ρ).

(3.27) a = (φ(τ)− f(τ))(ψ2(ρ)− g(ρ)),
b = (φ(τ)− g(τ))(ψ2(ρ)− f(ρ)).

(3.28) a = f(τ)− φ1(τ),
b = g(ρ)− ψ1(ρ).

(3.29) a = (f(τ)− φ1(τ))(g(ρ)− ψ1(ρ)),
b = (g(τ)− ψ1(τ))(f(ρ)− φ1(ρ)). □

Theorem 11. Let f and g be two integrable functions on [1,∞) sat-
isfying the condition θ1 + θ2 = 1. Suppose that (1.9) and (1.10) hold.
Then for all t > 1, α > 0, β > 0, we have

θ1
(ln t)β

Γ(β + 1)H
Jαφ2(t) + θ2

(ln t)α

Γ(α + 1)H
Jβψ2(t)

≥ HJ
α(φ2 − f)θ1(t)HJ

β(ψ2 − g)θ2(t)

+ θ1
(ln t)β

Γ(β + 1)H
Jαf(t) + θ2

(ln t)α

Γ(α + 1)H
Jβg(t), (3.30)

θ1HJ
αφ2(t)HJ

βψ2(t) + θ1HJ
αf(t)HJ

βg(t)

+ θ2HJ
αψ2(t)HJ

βφ2(t) + θ2HJ
αg(t)HJ

βf(t)

≥ HJ
α(φ2 − f)θ1(ψ2 − g)θ2(t)HJ

β(ψ2 − g)θ1

× (φ2 − f)θ2(t)

+ θ1HJ
βg(t)HJ

αφ2(t) + θ1HJ
αf(t)HJ

βψ2(t)

+ θ2HJ
βf(t)HJ

αψ2(t) + θ2HJ
αg(t)HJ

βφ2(t), (3.31)

θ1
(ln t)β

Γ(β + 1)H
Jαf(t) + θ2

(ln t)α

Γ(α + 1)H
Jβg(t)

≥ HJ
α(f − φ1)

θ1(t)HJ
β(g − ψ)θ2(t)

+ θ1
(ln t)β

Γ(β + 1)H
Jαφ1(t) + θ2

(ln t)α

Γ(α + 1)H
Jβψ1(t), (3.32)
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θ1HJ
αf(t)HJ

βg(t) + θ1HJ
αφ1(t)HJ

βψ1(t)

+ θ2HJ
αg(t)HJ

βf(t) + θ2HJ
αψ1(t)HJ

βφ1(t)

≥ HJ
α(f − φ1)

θ1(g − ψ1)
θ2(t)HJ

β(g − ψ1)
θ1

× (f − φ1)
θ2(t)

+ θ1HJ
αf(t)HJ

βψ1(t) + θ1HJ
αφ1(t)HJ

βg(t)

+ θ2HJ
βf(t)HJ

αψ1(t) + θ2HJ
βφ1(t)HJ

αg(t). (3.33)

Proof
The inequalities (3.30) − (3.33) can be proved by choosing of the pa-
rameters in the weighted AM-GM (Theorem8)

(3.30) a = φ(τ)− f(τ),
b = ψ2(ρ)− g(ρ).

(3.31) a = (φ(τ)− f(τ))(ψ2(ρ)− g(ρ)),
b = (φ(τ)− g(τ))(ψ2(ρ)− f(ρ)).

(3.32) a = f(τ)− φ1(τ),
b = g(ρ)− ψ1(ρ).

(3.33) a = (f(τ)− φ1(τ))(g(ρ)− ψ1(ρ)),
b = (g(τ)− ψ1(τ))(f(ρ)− φ1(ρ)). □

Lemma 3.1. Let f be an integrable function on [1,∞) satisfying the
condition (1.9). Then for all t > 1, α > 0, we have

(ln t)α

Γ(α + 1)H
Jαf 2(t)− (HJ

αf(t))2

= (HJ
αφ2(t)−H Jαf(t)) (HJ

αf(t)−H Jαφ1(t))

− (ln t)α

Γ(α + 1)H
Jα((φ2 − f)(f − φ1)(t))

+
(ln t)α

Γ(α + 1)H
Jαφ1f(t)−H Jαφ1(t)HJ

αf(t)
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+
(ln t)α

Γ(α + 1)H
Jαφ2f(t)−H Jαφ2(t)HJ

αf(t)

+ HJ
αφ1(t)HJ

αφ2(t)−
(ln t)α

Γ(α + 1)H
Jαφ1φ2(t). (3.34)

Proof
For any τ > 1, ρ > 1, we have

(φ2(ρ)− f(ρ))(f(τ)− φ1(τ))

+ (φ2(τ)− f(τ))(f(ρ)− φ1(ρ))

− (φ2(τ)− f(τ))(f(τ)− φ1(τ))

− (φ2(ρ)− f(ρ))(f(ρ)− φ1(ρ))

= f 2(τ) + f 2(ρ)− 2f(τ)f(ρ) + φ2(ρ)f(τ)

+ φ1(τ)f(ρ)− φ1(τ)φ2(ρ)

+ φ2(τ)f(ρ) + φ1(ρ)f(τ)− φ1(ρ)φ2(τ)

− φ2(τ)f(τ) + φ1(τ)φ2(τ)

− φ1(τ)f(τ)− φ2(ρ)f(ρ)

+ φ1(ρ)φ2(ρ)− φ1(ρ)f(ρ). (3.35)

Mutiplying (3.35) by (ln t/τ))α−1/τΓ(α), τ ∈ (1, t), t > 1 and
integrating the resulting with respect to τ from 1 to t, we get

(φ2(ρ)− f(ρ))(HJ
αf(t)−H Jαφ1(t))

+ (HJ
αφ2(t)−H Jαf(t))(f(ρ)− φ1(ρ))

− HJ
α((φ2 − f)(f − φ1)(t))− (φ2(ρ)− f(ρ))

× (f(ρ)− φ1(ρ))
(ln t)α

Γ(α + 1)

= HJ
αf 2(t) + f 2(ρ)

(ln t)α

Γ(α + 1)

− 2f(ρ)HJ
αf(t) + φ2(ρ)HJ

αf(t)

+ f(ρ)HJ
αφ1(t)− φ2(ρ)HJ

αφ1(t)

+ f(ρ)HJ
αφ2(t) + φ1(ρ)HJ

αf(t)

− φ1(ρ)HJ
αφ2(t)−H Jαφ2f(t) +H Jαφ1φ1(t)
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− HJ
αφ1f(t)− φ1(ρ)f(ρ)

(ln t)α

Γ(α + 1)

+ φ1(ρ)φ2(ρ)
(ln t)α

Γ(α + 1)
− φ1(ρ)f(ρ)

(ln t)α

Γ(α + 1)
. (3.36)

Mutiplying (3.36) by (ln t/ρ))α−1/ρΓ(α), ρ ∈ (1, t), t > 1 and
integrating the resulting with respect to ρ from 1 to t, we obtain the
inequality (3.34). □

Remark 3.5. Applying Lemma 3.1 for φ1 = m, φ2 = M , we obtain
equality (2.28) in Lemma 2.1.
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Conclusion

In this memoir, we have considered some fractional integral inequal-
ities, via Hadamard’s fractional integral.

New integral inequalities are obtained including a Gruss-type
Hadamard fractional integral inequality, by using Young and weighted
AM-GM inequality. Many other cases are also discussed.
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