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Introduction

The convexity of functions is an important tool in different disciplines of applied
mathematics. In a number of cases, non-convex functions are used in the mod-
eling of real-world problems. As a result, it’s critical to determine whether these
functions, despite not being convex, retain certain properties common to convex
functions. This led to the invention of several generalizations of the classic concept
of convex functions, which can be used to a variety of fields including economics,
probability theory, and other scientific fields.
In recent years, important generalizations have been made in the context of con-
vexity: pseudo-convex, invex and preinvex, strongly convex, approximately convex,
MT-convex, (α;m)-convex, and strongly (s;m)-convex.
A vast class of quasi-convex functions is introduced.
This idea is stated to De Finetti [4](1949), while its use dates back to 1928 as a
technical hypothesis in John Von Neumann’s minimaximization theory.
Hadamard’s inequality is connected tenaciously with convexity and versions, this
inequality for convex functions has received renewed attention in recent years and a
remarkable variety of refinements and generalisations have been found, for example,
we mention the works of Dragomir ([5]1992, [6]1995), ’On Hadamard’s inequalities
for convex functions’, ’Some inequalities of Hadamard type’, Alomari et al [1](2010)
dealt with Refinements of Hadamard-type inequalities for quasi-convex functions
with applications to trapezoidal formula and to special means.
In recent years, some other kinds of Hermite-Hadamard type inequalities were gen-
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erated, we refer the researches of Bai et al ([2]2012, [3]2013), Wang et al [14](2013),
Xi et al [13](2013).
Many researchers were interested on the study of Hermite-Hadamard’s inequal-
ity for quasi-convex functions for example: Pearce et al [7](2000), Kirmaci et al
[11](2004), we mention also the work of Ion [10](2007) Some estimates on the
Hermite-Hadamard inequality through quasi-convex functions.
In our work we shed light on some properties of Hermite-Hadamard’s inequality
for quasi-convex functions and its application to the fractional case by considering
the k-Riemann-Liouville integrals and the Katugampula integrals, some fractional
inequalities of Hermite-Hadamard type are obtained.
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Chapter 1
Preliminaries

In this chapter we define convex and quasi-convex function, then we recall some of
their properties, furthermore we present Hermite-Hadamard’s type inequalities via
convexity and quasi-convexity.

1.1 Convex function

1.1.1 Definitions and properties

Let I be an interval in R,

Definition 1.1.1. f : I → R is said to be convex function on I if only if
∀(a, b) ∈ I2,∀λ ∈ [0, 1], we have:

f(λa+ (1− λ)b) ≤ λf(a) + (1− λ)f(b). (1.1)

Definition 1.1.2. f : I → R is said to be strictly convex function on I if only if
∀(a, b) ∈ I2,∀λ ∈]0, 1[, we have:

f(λa+ (1− λ)b) < λf(a) + (1− λ)f(b). (1.2)

6



1. PRELIMINARIES

Figure 1.1: Convex Function

Examples

Let f, g be functions on R defined as follows:
f(x) = ex and g(x) = xa, a > 1 .
f, g are convex functions on R .

Remark 1.1.1. We say that f : I → R is a concave function (strictly concave) if
only if (−f) is convex function (strictly convex), thus (1.1) and (1.2) are reversed.

Examples

Let h, k be functions defined as follows:
h(x) = ln(x) is a concave function on ]0,+∞[ .
k(x) = xa with 0 < a < 1 is a concave function on R.

Properties

[8] Let f, g convex functions and α ∈ R,
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1. PRELIMINARIES

1) αf is convex function for α ≥ 0 and concave function for α < 0.

2) f + α and f − α are convex functions.

3) f + g is convex function.

4) f convex function, g increasing convex function so g ◦ f is convex function.

Theorem 1.1.1. let f : I → R a differentiable function, we say that f is convex if
only if f ′ is increasing.

Corollary 1 let f : I→ R a differentiable function, we say that f is convex if only
if f ′′ is positive.

1.2 Quasi-convex function

1.2.1 Definitions

Let I be an interval of R,

Definition 1.2.1. f : I → R is said quasi-convex function on I if

f(λa+ (1− λ)b) ≤ max{f(a), f(b)}. (1.3)

for any a, b ∈ I and λ ∈ [0, 1].

Definition 1.2.2. f : I → R is said strictly quasi-convex function on I if

f(λa+ (1− λ)b) < max{f(a), f(b)}. (1.4)

for any a, b ∈ I and λ ∈]0, 1[.

Remark 1.2.1. Quasi-convexity is a weaker convexity, that is it generalizes the
notion of convexity, therefore every convex function is quasi-convex, there are quasi-
convex functions which are not convex.
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1. PRELIMINARIES

Figure 1.2: Quasi-Convex Function .

Example

Let f be function, f : [−2, 2]→ R, defined by:

f(x) =

 1 if, x ∈ [−2,−1]
x2 x ∈]− 1, 2]

Figure 1.3: quasi-convex functions which are not convex.
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1. PRELIMINARIES

Remark 1.2.2. We say that f : I → R a quasi-concave function (strictly quasi-
concave) if and only if (−f) is quasi-convex function(strictly quasi-convex), thus
(1.3) and (1.4) are reversed.

1.2.2 Definition of class P(I)

Definition 1.2.3. [7] Let I an interval in R, we say that a function f : I → R is of
P type, or that f belongs to the class P (I), if f is nonnegative and for all a, b ∈ I
and λ ∈ [0, 1] we have:

f(λa+ (1− λ)b) ≤ f(a) + f(b). (1.5)

Definition 1.2.4. [7] Let I an interval in R, we say that a function f : I →
R is Jensen-convex function or shortly (J-convex), that is function satisfying the
condition:

∀a, b ∈ I, f
(
a+ b

2

)
≤ f(a) + f(b)

2 . (1.6)

Definition 1.2.5. [7] Let I an interval of R. We say that a function f : I → R is
Jensen-quasi-convex function, that is, function satisfying the condition:

∀a, b ∈ I, f
(
a+ b

2

)
≤ max{f(a), f(b)}. (1.7)

1.3 Some classical inequalities

We present the diagram of classical Hermite-Hadamard’s inequalities

1.3.1 Hermite-Hadamard’s inequality

Let f : [a, b]→ R be a convex function defined on the interval of real numbers, the
following inequality holds

f(a+ b

2 ) ≤ 1
b− a

∫ b

a
f(t)dt ≤ f(a) + f(b)

2 . (1.8)

This inequality is known as the Hermite-Hadamard’s inequality for convex function
[1].
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1. PRELIMINARIES

Figure 1.4: Hermite-Hadamard Diagram.

1.3.2 Hermite-Hadamard’s inequality via convexity

[5] The following lemma allows us to prove Theorems (1.3.1), (1.3.2) and (1.3.3).

Lemma 1.3.1. Let f : I ⊂ R → R be differentiable function on I◦ where a, b ∈ I
with a < b. If f ′ ∈ L1[a, b], the following equality holds:

f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx = b− a

2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt. (1.9)

Proof

We set
J = b− a

2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt.

By applying integration by parts, we get:

J = b− a
2

[
(1− 2t)f(ta+ (1− t)b)

a− b
|01 + 2

∫ 1

0

f(ta+ (1− t)b)
a− b

dt

]

= b− a
2

[
f(a) + f(b)

b− a
+ 2

∫ 1

0

f(ta+ (1− t)b)
a− b

dt

]

= f(a) + f(b)
2 + (b− a)

∫ 1

0

f(ta+ (1− t)b)
a− b

dt

Making use of change of the variable x = ta+ (1− t)b, we get:

J = f(a) + f(b)
2 + (b− a)

∫ a

b

f(x)
(a− b)2dx

= f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

11



1. PRELIMINARIES

So we get

f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx = b− a

2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt

The following inequalities of the Hermite-Hadamard type were established for the
above convex function.

Theorem 1.3.1. Let f : [a, b] → R be differentiable function on [a, b]. If |f ′| is
convex on [a, b]. Then∣∣∣∣∣f(a) + f(b)

2 − 1
b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ (b− a)(|f ′(a)|+ |f ′(b)|)
8 . (1.10)

Proof

By using (1.3.1), we have:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ =
∣∣∣∣∣b− a2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt

∣∣∣∣∣
≤ b− a

2

∫ 1

0
|1− 2t||f ′(ta+ (1− t)b)|dt

≤ b− a
2

∫ 1

0
|1− 2t| [t|f ′(a)|+ (1− t)|f ′(b)|] dt

≤ b− a
2

[∫ 1

0
|1− 2t|t|f ′(a)|dt+

∫ 1

0
|1− 2t|(1− t)|f ′(b)|dt

]
≤ b− a

2

[∫ 1
2

0
(1− 2t)t|f ′(a)|dt+

∫ 1

1
2

(2t− 1)t|f ′(a)|dt
]

+ b− a
2 [

∫ 1
2

0
(1− 2t)(1− t)|f ′(b)|dt

+
∫ 1

1
2

(2t− 1)(1− t)|f ′(b)|dt]

≤ b− a
2

[1
4 |f

′(a)|+ 1
4 |f

′(b)|
]

≤ b− a
8 [|f ′(a)|+ |f ′(b)|] .

Theorem 1.3.2. Let f : [a, b] → R be differentiable function on [a, b]. If |f ′|q is
convex on [a, b] with q ≥ 1. Then:

∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ b− a
4

(
|f ′(a)|q + |f ′(b)|q

2

) 1
q

. (1.11)
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1. PRELIMINARIES

Proof

By using (1.3.1), we have:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ =
∣∣∣∣∣b− a2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt

∣∣∣∣∣
≤ b− a

2

∫ 1

0
|1− 2t||f ′(ta+ (1− t)b)|dt.

And by the power-mean inequality:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ b− a
2

(∫ 1

0
|1− 2t|dt

) q−1
q
(∫ 1

0
|f ′(ta+ (1− t)b)|qdt

) 1
q

≤ b− a
2

(∫ 1

0
|1− 2t|dt

) q−1
q
[∫ 1

0
t|f ′(a)|qdt+

∫ 1

0
(1− t)||f(b)|qdt

] 1
q

≤ b− a
4

[
|f ′(a)|q

∫ 1

0
tdt+ |f(b)|q

∫ 1

0
(1− t)dt

] 1
q

≤ b− a
4

[
|f ′(a)|q + |f(b)|q

2

] 1
q

.

which completes the proof.

Theorem 1.3.3. Let f : [a, b] → R be differentiable function on [a, b]. If |f ′|
p
p−1 is

convex on [a, b] with p > 1. Then:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ b− a
2(p+ 1)

1
p

 |f ′(a)|
p
p−1 + |f ′(b)|

p
p−1

2


p−1
p

.

(1.12)

Proof

By using (1.3.1), we have:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ =
∣∣∣∣∣b− a2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt

∣∣∣∣∣ .
And by the power-mean inequality:

b− a
2

∫ 1

0
|1−2t||f ′(ta+(1−t)b)|dt ≤ b− a

2

(∫ 1

0
|1− 2t|dt

) 1
p
(∫ 1

0
|f ′(ta+ (1− t)b)|

p
p−1dt

) p−1
p

,

For 1
q

= 1− 1
p
and similarly to (1.3.2), we get:

∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤ b− a
2(p+ 1)

1
p

 |f ′(a)|
p
p−1 + |f ′(b)|

p
p−1

2


p−1
p

.
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1. PRELIMINARIES

1.3.3 Hermite-Hadamard’s inequality via quasi-convexity

[1] The proof of the theorem below is based on Theorem (1.3.1).

Theorem 1.3.4. Let f : [a, b] → R be differentiable function on [a, b], if |f ′| is
quasi-convex on [a, b]. The inequality is valid:∣∣∣∣∣f(a) + f(b)

2 − 1
b− a

∫ b

a
f(t)dt

∣∣∣∣∣ ≤ b− a
4 max{|f ′(a)|, |f ′(b)|}. (1.13)

Proof 1 Since
f(a) + f(b)

2 ≤ max{f(a), f(b)}.

Because f is convex, we have:

f(a+ b

2 ) ≤ 1
b− a

∫ b

a
f(t)dt ≤ f(a) + f(b)

2 ≤ max{f(a), f(b)}.

We have:
|f ′(a)|+ |f ′(b)|

2 ≤ max{|f ′(a)|, |f ′(b)|},

Then
b− a

4

(
|f ′(a)|+ |f ′(b)|

2

)
≤ b− a

4 max{|f ′(a)|, |f ′(b)|}.

From (1.10) we get:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt

∣∣∣∣∣ ≤ b− a
4 max{|f ′(a)|, |f ′(b)|}.

Theorem 1.3.5. Let f : I0 ⊂ R → R be differentiable function on I0, a, b ∈ I0

with a < b. If |f ′|q is quasi-convex on [a, b], with q ≥ 1. Then:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt

∣∣∣∣∣ ≤ b− a
4 (max{|f ′(a)|q, |f ′(b)|q})

1
q . (1.14)

Proof

∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ =
∣∣∣∣∣b− a2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt

∣∣∣∣∣
≤ b− a

2

∫ 1

0
|1− 2t||f ′(ta+ (1− t)b)|dt.
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That is:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx

∣∣∣∣∣ ≤
(
b− a

2

∫ 1

0
|1− 2t|dt

) q
q−1 (∫ 1

0
|f ′(ta+ (1− t)b)|qdt

) 1
q

≤ b− a
4

[∫ 1

0
t|f ′(a)|qdt+

∫ 1

0
(1− t)|f ′(b)|qdt

] 1
q

≤ b− a
4

[∫ 1

0

1
2 |f

′(a)|qdt+
∫ 1

0

1
2 |f

′(b)|qdt
] 1
q

≤ b− a
4

[1
2 max{|f ′(a)|q, |f ′(b)|q}+ 1

2 max{|f ′(a)|q, |f ′(b)|q}
] 1
q

≤ b− a
4 [max{|f ′(a)|q, |f ′(b)|q}]

1
q .

Theorem 1.3.6. Let f : [a, b] → R be differentiable function on [a, b]. If |f ′|
p
p−1 is

quasi-convex on [a, b] with p > 1. Then:∣∣∣∣∣f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt

∣∣∣∣∣ ≤ b− a
2(p+ 1)

1
p

(
max{|f ′(a)|

p
p−1 , |f ′(b)|

p
p−1}

) p−1
p .

(1.15)

Proof

The proof is similarly to the proof of 1.3.5.

Lemma 1.3.2. Let f : I ⊂ R → R be differentiable function on I◦ where a, b ∈ I
with a < b. If f ′ ∈ L1[a, b], the following equality holds:

f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt = b− a

4 [
∫ 1

0
(−t)f ′(1 + t

2 a+ 1− t
2 b)dt

+
∫ 1

0
tf ′(1 + t

2 b+ 1− t
2 a)dt]. (1.16)

Proof

It suffices to note that

I1 =
∫ 1

0
(−t)f ′

(1 + t

2 a+ 1− t
2 b

)
dt

= − 2
a− b

f
(1 + t

2 a+ 1− t
2 b

)
t|10 + 2

a− b

∫ 1

0
f
(1 + t

2 a+ 1− t
2 b

)
dt

= − 2
a− b

f(a) + 2
a− b

∫ 1

0
f
(1 + t

2 a+ 1− t
2 b

)
dt

15



1. PRELIMINARIES

Setting x = 1 + t

2 a+ 1− t
2 b and dx = a− b

2 dt, which gives

I1 = 2
b− a

f(a)− 4
(a− b)2

∫ a+b
2

a
f(x)dx.

Similarly, we can show that

I2 =
∫ 1

0
tf ′(1 + t

2 b+ 1− t
2 a)dt

= 2
b− a

f(b)− 4
(b− a)2

∫ b

a+b
2

f(x)dx

Thus
b− a

4 [I1 + I2] = f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx.

Theorem 1.3.7. Let f : I ⊂ [0,∞)→ R be differentiable function on I◦ such that
f ′ ∈ L1[a, b], where a, b ∈ I with a < b.if |f ′| is quasi-convex function on [a, b]. The
subsequent inequality is valid

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

8

[max{|f ′(a+ b

2 )|, |f ′(a)|}+ max{|f ′(a+ b

2 )|, |f ′(b)|}]. (1.17)

Proof

From (1.3.2), we have

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| = b− a

4 |
∫ 1

0
(−t)f ′(1 + t

2 a+ 1− t
2 b)dt

+
∫ 1

0
tf ′(1 + t

2 b+ 1− t
2 a)dt|

Since |f ′| is quasi-convex on [a, b], for any t ∈ [0, 1] we have

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

4 [
∫ 1

0
|(−t)||f ′(1 + t

2 a+ 1− t
2 b)|dt

+
∫ 1

0
|t||f ′(1 + t

2 b+ 1− t
2 a)|dt]

≤ b− a
4 [

∫ 1

0
tmax{|f ′(a+ b

2 )|, |f ′(a)|}dt

+
∫ 1

0
tmax{|f ′(a+ b

2 )|, |f ′(b)|}dt

= b− a
8 [max{|f ′(a+ b

2 )|, |f ′(a)|}+ max{|f ′(a+ b

2 )|, |f ′(b)|}]
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1. PRELIMINARIES

Which completes the proof.

Corollary 2 1) If |f ′| is increasing with a < b, we have: |f ′(a)| ≤ |f ′(b)|. Then

|f ′(a)| ≤ |f ′(a+ b

2 )| ≤ |f ′(b)|.

From (1.17), we get

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

8 [|f ′(b)|+ |f ′(a+ b

2 )|].

2) If |f ′| is decreasing with a < b, we have: |f ′(a)| ≥ |f ′(b)| Then

|f ′(a)| ≥ |f ′(a+ b

2 )| ≥ |f ′(b)|.

From (1.17) we get

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

8 [|f ′(a)|+ |f ′(a+ b

2 )|].

Theorem 1.3.8. Let f : I0 ⊂ R → R be differentiable function on I0, a, b ∈ I0

with a < b. If |f ′|q is quasi-convex on [a, b], with q ≥ 1. The following inequality is
valid

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt| ≤ b− a

8 [(max{|f ′(a+ b

2 )|q, |f ′(b)|q})
1
q

+(max{|f ′(a)|q, |f ′(a+ b

2 )|q})
1
q ]. (1.18)

Proof

From (1.3.2) and using known power mean inequality, we have

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt| ≤ b− a

4 [
∫ 1

0
|(−t)||f ′(1 + t

2 a+ 1− t
2 b)|dt

+
∫ 1

0
|(t)||f ′(1 + t

2 b+ 1− t
2 a)|dt]

≤ b− a
4 [(

∫ 1

0
tdt)1− 1

q (
∫ 1

0
t|f ′(1 + t

2 a+ 1− t
2 b)|qdt)

1
q

+(
∫ 1

0
tdt)1− 1

q (
∫ 1

0
t|f ′(1 + t

2 b+ 1− t
2 a)|qdt)

1
q ]

≤ b− a
8 [(max{|f ′(a+ b

2 )|q, |f ′(a)|q})
1
q

+(max{|f ′(a+ b

2 )|q, |f ′(b)|q})
1
q ].
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Theorem 1.3.9. Let f : [a, b] → R be differentiable function on [a, b]. If |f ′|
p
p−1 is

quasi-convex on [a, b] with p > 1. The following inequality is valid

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

4(p+ 1)
1
p

[(max{|f ′(a+ b

2 )|
p
p−1 , |f ′(b)|

p
p−1})

p−1
p

+(max{|f ′(a)|
p
p−1 , |f ′(a+ b

2 )|
p
p−1})

p−1
p ] (1.19)

Proof

From (1.3.2) and using Holder’s integral inequality, we have

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt| ≤ b− a

4 [
∫ 1

0
|(−t)||f ′(1 + t

2 a+ 1− t
2 b)|dt

+
∫ 1

0
|(t)||f ′(1 + t

2 b+ 1− t
2 a)|dt]

≤ b− a
4 [(

∫ 1

0
(t)pdt)

1
p (
∫ 1

0
|f ′(1 + t

2 a+ 1− t
2 b)|qdt)

1
q

+(
∫ 1

0
(t)pdt)

1
p (
∫ 1

0
|f ′(1 + t

2 b+ 1− t
2 a)|qdt)

1
q ]

≤ b− a
4(p+ 1)

1
p

[(max{|f ′(a+ b

2 )|q, |f ′(a)|q})
1
q

+(max{|f ′(a+ b

2 )|q, |f ′(b)|q})
1
q ]

Corollary 3 1) If |f ′|
p
p−1 is increasing, then we have:

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

4(p+ 1)
1
p

[|f ′(b)|+ |f ′(a+ b

2 )|].

2) If |f ′|
p
p−1 is decreasing, then we have:

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(x)dx| ≤ b− a

4(p+ 1)
1
p

[|f ′(a)|+ |f ′(a+ b

2 )|].
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Chapter 2
k-fractional inequalities

This chapter brings together some inequalities associated with Hermite-Hadamard’s
inequality by way of k-Riemann-Liouville and Riemann-Liouville fractional integrals.

Special-functions

k-Gamma function given as Γk(α) =
∫ ∞

0
tα−1e−

tk

k dt If k = 1 then Γ1(α) = Γ(α)
Beta function .[14]

B(α, β) =


∫ 1

0
tα−1(1− t)β−1dt (Re(α) > 0,Re(β) > 0)

Γ(α)Γ(β)
Γ(α + β) (α, β ∈ C \ Z−0 )

(2.1)

2.1 k-Riemann-Liouville fractional integral

[5] We give the definition of k-Riemann-Liouville fractional integrals,

Definition 2.1.1. Let f ∈ L1[a, b] , the k-Riemann-Liouville fractional integrals

kJ
α
a+f(u) and kJ

α
b−f(u) of order α > 0 with a > 0, k > 0, are defined by

kJ
α
a+f(u) = 1

kΓk(α)

∫ u

a
(u− t)αk−1f(t)dt, 0 ≤ a < u < b.

and

kJ
α
b−f(u) = 1

kΓk(α)

∫ b

u
(t− u)αk−1f(t)dt, 0 ≤ a < u < b.

respectively , where Γk(α) is the k-gamma function .
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2. K-FRACTIONAL INEQUALITIES

Remark 2.1.1. If k = 1 , we get the Riemann-Liouville fractional integrals Jαa+f(u)
and Jαb−f(u) of order α > 0 with a > 0, are defined by

Jαa+f(u) = 1
Γ(α)

∫ u

a
(u− t)α−1f(t)dt, 0 ≤ a < u < b.

and
Jαb−f(u) = 1

Γ(α)

∫ b

u
(t− u)α−1f(t)dt, 0 ≤ a < u < b.

If we put α = 1 we obtain a inequality classic of Hermite-Hadamard

Ja+f(u) =
∫ u

a
f(t)dt, 0 ≤ a < u < b.

and
Jb−f(u) =

∫ b

u
f(t)dt, 0 ≤ a < u < b.

2.2 Fractional integral via convexity

Theorem 2.2.1. Let f : [a, b]→ R be a positive convex function. Then for α, β >

k, the following inequality for the k-Riemann-Liouville fractional integrals holds :

[kJαa+f(u) +k J
α
b−f(u)] ≤ (u− a)αk f(a) + (b− u)βk f(b)

2kΓk(α)

+f(u)
(u− a)αk + (b− u)βk

2kΓk(β)

 . (2.2)

Proof

We observe that for α > k and u ∈ [a, b] and t ∈ [a, u] :

u− t ≤ u− a

and for α > k we obtain:

(u− t)αk−1 ≤ (u− a)αk−1, t ∈ [a, u]. (2.3)

Writing:
t = u− t

u− a
a+ t− a

u− a
u.
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2. K-FRACTIONAL INEQUALITIES

since f is convex, we have

f(t) ≤ u− t
u− a

f(a) + t− a
u− a

f(u), t ∈ [a, u], u ∈ (a, b). (2.4)

From (2.3) and (2.4) , we obtain

(u− t)αk−1f(t) ≤ (u− t)αk−1
(
u− t
u− a

f(a) + t− a
u− a

f(u)
)

≤ (u− a)αk−1
(
u− t
u− a

f(a) + t− a
u− a

f(u)
)
.

By integrating with respect to t over [a,u] , we get :
∫ u

a
(u− t)αk−1f(t)dt ≤ (u− a)αk−1

[
f(a)
u− a

∫ u

a
(u− t)dt+ f(u)

u− a

∫ u

a
(t− a)dt

]
,

Then∫ u

a
(u− t)αk−1f(t)dt ≤ (u− a)αk−1

u− a

(
f(a)

∫ u

a
(u− t)dt+ f(u)

∫ u

a
(t− a)dt

)
.

= (u− a)αk−1

u− a

[(
−(u− t)2

2 |ua

)
+ f(u)
u− a

(
(t− a)2

2 |ua

)]

= (u− a)αk
2 f(a) + (u− a)αk

2 f(u)

= (u− a)αk
2 [f(a) + f(u)]

Therefore, in view of the definition of the k-Riemann-Liouville fractional integrals,
we get

kJ
α
a+f(u) ≤ (u− a)αk

2kΓk(α) (f(a) + f(u)). (2.5)

Now, for u ∈ [a, b] and β > k , and t ∈ [u, b]

t− u < b− u

the following inequality can be observed :

(t− u)
β
k
−1 ≤ (b− u)

β
k
−1. (2.6)

We have
t = t− u

b− u
b+ b− t

b− u
u,
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2. K-FRACTIONAL INEQUALITIES

By the convexity of f , we also have

f(t) ≤ t− u
b− u

f(b) + b− t
b− u

f(u), t ∈ [u, b]. (2.7)

From the inequalities (2.6) and (2.7) , we obtain

∫ b

u
(t− u)

β
k
−1f(t)dt ≤ (b− u)βk−1

b− u

(
f(b)

∫ b

u
(t− u)dt+ f(u)

∫ b

u
(b− t)dt

)
.

Therefore, in view of the definition of the k-Riemann-Liouville fractional integrals,
we conclude that

kJ
β
b−f(u) ≤ (b− u)βk

2kΓk(β) (f(b) + f(u)). (2.8)

Adding (2.5) and (2.8), we get the required inequality (2.2).

2.2.1 Particular cases of k-Riemann-Liouville fractional in-

tegral via convexity

Corollary 4 By setting α, β > 1 and k = 1, the following inequality for the
Riemann-Liouville fractional integrals holds :

[Jαa+f(u) + Jαb−f(u)] ≤ (u− a)αf(a) + (b− u)βf(b)
2Γ(α) + f(u)

(
(u− a)α + (b− u)β

2Γ(β)

)
,

(2.9)

Corollary 5 By setting α = β in (2.2), this inequality reduces to the fractional
integral inequality

kJ
α
a+f(u)+kJ

α
b−f(u) ≤ 1

2kΓk(α)
(
(u− a)αk f(a) + (b− u)αk f(b) + f(u)

(
(u− a)αk + (b− u)αk

))
.

Corollary 6 By setting α = β = k = 1 and taking u = b or u = a in (2.2), we get
the inequality

1
b− a

∫ b

a
f(t)dt ≤ f(a) + f(b)

2 .

Corollary 7 By setting α = β = 1 and taking u = (a + b)/2 in (2.2), we have the
inequalities

0 ≤ 1
b− a

∫ b

a
f(t)− f

(
a+ b

2

)
dt ≤ f(a) + f(b)

2 .
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2. K-FRACTIONAL INEQUALITIES

Remark 2.2.1. It is interesting to see that if in Theorem 2.2.1, the function f is
concave and 0 < α, β and α, β > k, then the reverse of inequality (2.2) holds.

Theorem 2.2.2. Let f : [a, b] → R be a differentiable function. If f ′ is convex,
then for a < b, and α, β > 0, the following inequality for the k-Riemann-Liouville
fractional integrals holds :∣∣∣Γk(α + k)kJαa+f(u) + Γk(β + k)kJβb−f(u)−

(
(u− a)αk f(a) + (b− u)αk f(b)

)∣∣∣
≤ 1

2
(
(u− a)αk+1|f ′(a)|+ (b− u)αk+1|f ′(b)|+ |f ′(u)|

(
(u− a)αk+1 + (b− u)αk+1

))
.

(2.10)

Proof

By the convexity of |f ′ |, we have:

|f ′(t)| ≤ u− t
u− a

|f ′(a)|+ t− a
u− a

|f ′(u)|, t ∈ [a, u], u ∈ (a, b),

Then, it follows that

−
(
u− t
u− a

|f ′(a)|+ t− a
u− a

|f ′(u)|
)
≤ f

′(t) ≤ u− t
u− a

|f ′(a)|+ t− a
u− a

|f ′(u)|. (2.11)

We firstly consider the right hand side of (2.11) :

f
′(t) ≤ u− t

u− a
|f ′(a)|+ t− a

u− a
|f ′(u)|, (2.12)

Now, using the inequality

(u− t)αk ≤ (u− a)αk , t ∈ [a, u], α, k > 0, (2.13)

By multiplying (2.12) and (2.13) side to side and integrating over [a,u] , we get∫ u

a
(u− t)αk f ′(t)dt ≤ (u− a)αk+1

(
|f ′(a)|

∫ u

a
(u− t)dt+ |f ′(u)|

∫ u

a
(t− a)dt

)
= (u− a)αk+1

(
|f ′(a)|+ |f ′(u)|

2

)
,

By integrating by part, we have∫ u

a
(u− t)αk f ′(t)dt = f(t)(u− t)αk |ua + α

k

∫ u

a
(u− t)αk−1f(t)dt,

= −f(a)(u− a)αk + Γk(α + k)kJαa+f(u)
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2. K-FRACTIONAL INEQUALITIES

by the definition of the k-Riemann-Liouville fractional integral, and from (2.14), we
have:

Γk(α + k)kJαa+f(u)− f(a)(u− a)αk ≤ (u− a)αk+1
(
|f ′(a)|+ |f ′(u)|

2

)
, (2.14)

Now, considering the left hand side of (2.11) and proceeding as we did for (2.12),
we get

f(a)(u− a)αk − Γk(α + k)kJαa+f(u) ≤ (u− a)αk+1
(
|f ′(a)|+ |f ′(u)|

2

)
. (2.15)

From (2.14) and (2.15), we conclude that
∣∣∣Γk(α + k)kJαa+f(u)− f(a)(u− a)αk

∣∣∣ ≤ (u− a)αk+1
(
|f ′(a)|+ |f ′(u)|

2

)
. (2.16)

On the other hand, using the convexity of |f ′ |, for t ∈ [u, b] we have

|f ′(t)| ≤ t− u
b− u

|f ′(b)|+ b− t
b− u

|f ′(u)|, (2.17)

for t ∈ [u, b] and β, k > 0, one has

(t− u)
β
k ≤ (b− u)

β
k , (2.18)

by adapting the same approach as we did for (2.12) and (2.13) from (2.17) and (2.18)
we obtain the inequality

∣∣∣Γk(β + k)kJβa+f(a)− f(b)(b− u)
β
k

∣∣∣ ≤ (b− u)
β
k

+1
(
|f ′(a)|+ |f ′(u)|

2

)
. (2.19)

Combining (2.16) and (2.19) via the triangular inequality, we get the required result
.

Particular cases

Corollary 8 For a < b , α, β > 0 and k = 1 , the following inequality for the
Riemann-Liouville fractional integrals holds:∣∣∣Γ(α)Jαa+f(u) + Γ(β)Jβb−f(u)− ((u− a)αf(a) + (b− u)αf(b))

∣∣∣
≤ 1

2
(
(u− a)α+1|f ′(a)|+ (b− u)α+1|f ′(b)|+ |f ′(u)|

(
(u− a)α+1 + (b− u)α+1

))
.

(2.20)
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2. K-FRACTIONAL INEQUALITIES

Corollary 9 By setting α = β in 2.2.2, this inequality reduces to the fractional
integral inequality:

∣∣∣Γk(α + k)[kJαa+f(u) +k J
α
b−f(u)]−

(
(u− a)αk f(a) + (b− u)αk f(b)

)∣∣∣
≤ 1

2
(
(u− a)αk+1|f ′(a)|+ (b− u)αk+1|f ′(b)|+ |f ′(u)|

(
(u− a)αk+1 + (b− u)αk+1

))
.

Corollary 10 By setting α = β = k = 1 and u = (a + b)/2 in 2.2.2 , we get the
inequality:∣∣∣∣∣ 1

b− a

∫ b

a
f(t)dt− f(a) + f(b)

2

∣∣∣∣∣ ≤ b− a
8

(
|f ′(a)|+ |f ′(b)|+ 2f ′(a+ b

2 )
)
.

We use the following lemma to prove our next theorem

Lemma 2.2.1 Let f : [a, b] → R be a convex function. If f is symmetric with
respect to (a+ b)/2, then

f

(
a+ b

2

)
≤ f(u), u ∈ [a, b]. (2.21)

Proof

We have, for all u ∈ [a, b] ;

a+ b

2 = 1/2
{
u− a
b− a

a+ b− u
b− a

b

}
+ 1/2

{
u− a
b− a

b+ b− u
b− a

a

}
,

We have,

au− a2 + b2 − bu
b− a

= (b− a)(a+ b)− u(b− a)
b− a

= (b− a)(a+ b− u)
b− a

= a+ b− u,

and
bu− ba+ ab− au

b− a
= u(b− a)

b− a
= u,

Then :
1/2f(a+ b− u) + 1/2f(u) = 1/2f(u) + 1/2f(u) = f(u),

Since f is convex and symmetric

f

(
a+ b

2

)
≤ f(u).
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2. K-FRACTIONAL INEQUALITIES

Theorem 2.2.3. Let f : [a, b]→ R be a positive convex function. If f is symmetric
with respect to (a+b)/2 , then the following inequalities for fractional integrals holds
:

1
2k

(
1

α
k

+ 1 + 1
β
k

+ 1

)
f

(
a+ b

2

)
≤

Γk(β + k)kJβ+k
b− f(a)

2(b− a)βk+1
+ Γk(α + k)kJα+k

a+ f(b)
2(b− a)αk+1

≤ f(a) + f(b)
2k .

Proof

For u ∈ [a, b] and β, k > 0, we have:

(u− a)
β
k ≤ (b− a)

β
k . (2.22)

By the convexity of f , we have

f(u) ≤ u− a
b− a

f(b) + b− u
b− a

f(a), u ∈ [a, b], (2.23)

From the inequalities (2.22) and (2.23) it follows that:

∫ b

a
(u− a)

β
k f(u)du ≤ (b− a)βk

b− a

(
f(b)

∫ b

a
(u− a)du+ f(a)

∫ b

a
(b− u)du

)
.

Thus, by the definition of the k-fractional integral, we have

Γk(β + k)kJβ+k
b− f(a)

(b− a)βk+1
≤ f(a) + f(b)

2k , (2.24)

On the other hand, since

(b− u)
β
k ≤ (b− a)

β
k , u ∈ [a, b], α, k > 0,

From (2.23), we get∫ b

a
(b− u)

β
k f(u)du ≤ (b− a)

β
k

+1f(a) + f(b)
2 ,

Thus, by the definition of the k-fractional integral, we have

Γk(α + k)kJα+k
a+ f(a)

(b− a)αk+1 ≤ f(a) + f(b)
2k , (2.25)
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2. K-FRACTIONAL INEQUALITIES

Adding (2.24) and (2.25), we get

Γk(β + k)kJβ+k
b− f(a)

2(b− a)βk+1
+ Γk(α + k)kJα+k

b− f(a)
2(b− a)αk+1 ≤ f(a) + f(b)

2k .

Using Lemma 2.2.1 ,and multiplying (2.21) by (u− a)
β
k , integrating over [a,b], gives

f

(
a+ b

2

)∫ b

a
(u− a)

β
k du ≤

∫ b

a
(u− a)

β
k f(u)du, (2.26)

f

(
a+ b

2

)
1

2k(β
k

+ 1)
≤

Γk(β + k)kJβ+k
b− f(a)

2(b− a)βk+1
, (2.27)

Using Lemma 2.2.1 and multiplying (2.21) , by (b− u)α, integrating over [a,b] gives

f

(
a+ b

2

)
1

2k(α
k

+ 1) ≤
Γk(α + k)kJα+k

a+ f(b)
2(b− a)αk+1 . (2.28)

adding (2.27) and (2.28) , and then combining with (2.26) , we obtain the required
result.

Particular cases

Corollary 11 If we put k = 1, then the following inequalities for the Riemann-
Liouville fractional integrals holds:

1
2

(
1

α + 1 + 1
β + 1

)
f

(
a+ b

2

)
≤

Γ(β)Jβb−f(a)
2(b− a)β+1 + Γ(α)Jαa+f(b)

2(b− a)α+1

≤ f(a) + f(b)
2

Corollary 12 If we put α = β in (2.22) , then this inequality reduces to the frac-
tional integral inequality .

f

(
a+ b

2

)
1

k(α
k

+ 1) ≤
Γk(α + k)

2(b− a)αk+1

(
kJ

α+k
b− f(a) +k J

α+k
a+ f(b)

)
≤ f(a) + f(b)

2k .
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2.3 Fractional integral via quasi-convexity

Lemma 2.3.1 Let f : [a, b]→ R be a differentiable function on (a,b), if f ′ ∈ L1[a, b]
, the following equality for k-fractional integrals is valid

f(a) + f(b)
2 − Γk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)]

= b− a
2

∫ 1

0
[(1− t)αk − tαk ]f ′(ta+ (1− t)b)dt.

Proof

We give the proof for k = 1 :

f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)]

= b− a
2

∫ 1

0
[(1− t)α − tα]f ′(ta+ (1− t)b)dt.

set
I =

∫ 1

0
[(1− t)α − tα]f ′(ta+ (1− t)b)dt,

We divide the field
I = I1 − I2

where
I1 =

∫ 1

0
(1− t)αf ′(ta+ (1− t)b)dt,

and
I2 =

∫ 1

0
tαf

′(ta+ (1− t)b)dt.

We have
I1 =

∫ 1

0
(1− t)αf ′(ta+ (1− t)b)dt.

We integrate by parts :

I1 = (1− t)αf(ta+ (1− t)b)
a− b

|10 −
∫ 1

0
−α(1− t)α−1f(ta+ (1− t)b)

a− b
dt

= − f(b)
a− b

+ α
∫ 1

0
(1− t)α−1f(ta+ (1− t)b)

a− b
dt,
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With a change of variable

v = ta+ (1− t)b⇒ v = (a− b)t+ b

t = 0⇒ v = b

dv = (a− b)dt

t = v − b
a− b

1− t = v − a
b− a

(1− t)α−1 = (v − a)α−1

(b− a)α−1

We obtain :

I1 = f(b)
b− a

− α

b− a

∫ a

b

(v − a)α−1

(b− a)α−1
f(v)
a− b

dv

= f(b)
b− a

+ α

b− a

∫ a

b

(v − a)α−1

(b− a)α f(v)dv

= f(b)
b− a

− α

(b− a)α+1

∫ b

a
(v − a)α−1f(v)dv

Then, we have

I1 = f(b)
b− a

− αΓ(α)
(b− a)α+1

∫ b

a

1
Γ(α)(v − a)α−1f(v)dv

= f(b)
b− a

− αΓ(α)
(b− a)α+1J

α
b−f(a)

Now, let

I2 =
∫ 1

0
tαf

′(ta+ (1− t)b)dt,

We intégrateur I, we obtain :

I2 = tα
f(ta+ (1− t)b)

a− b
|10 −

∫ 1

0
αtα−1f(ta+ (1− t)b)

a− b
dt

= f(a)
a− b

− α
∫ 1

0
tα−1f(ta+ (1− t)b)

a− b
dt.
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With a change of variable

v = ta+ (1− t)b⇒ v = (a− b)t+ b

t = 0⇒ v = b

t = 1⇒ v = a

dv = (a− b)dt

t = v − b
a− b

tα−1 = (b− v)α−1

(b− a)α−1

(1− t)α−1 = (v − a)α−1

(b− a)α−1

Thus:

I2 = − f(a)
b− a

+ α

b− a

∫ a

b

(b− v)α−1

(b− a)α−1
f(v)
a− b

dv

= − f(a)
b− a

− α

b− a

∫ a

b

(b− v)α−1

(b− a)α f(v)dv

= − f(a)
b− a

+ α

(b− a)α+1

∫ b

a
(b− v)α−1f(v)dv.

That is

I2 = − f(a)
b− a

+ αΓ(α)
(b− a)α+1

∫ b

a

1
Γ(α)(b− v)α−1f(v)dv

= − f(a)
b− a

+ αΓ(α)
(b− a)α+1J

α
a+f(b)

So, we have

I1 − I2 = f(b)
b− a

− αΓ(α)
(b− a)α+1J

α
b−f(a) + f(a)

b− a
− αΓ(α)

(b− a)α+1J
α
a+f(b)

Then
b− a

2 (I1 − I2)

= b− a
2 ×

(
f(b)
b− a

− αΓ(α)
(b− a)α+1J

α
b−f(a) + f(a)

b− a
− αΓ(α)

(b− a)α+1J
α
a+f(b)

)

= f(a) + f(b)
2 − αΓ(α)

(b− a)α [Jαb−f(a) + Jαa+f(b)].
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2.3.1 Particular cases of k-Riemann-Liouville fractional in-

tegral via quasi-convexity

Corollary 13 If we take k = 1, the k-Riemann-Liouville fractinal integrals of order
α turn out to be Riemann-Liouville fractional integrals of order α .

f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)]

= b− a
2

∫ 1

0
[(1− t)α − tα]f ′(ta+ (1− t)b)dt.

Corollary 14 If we put α = 1, we obtain :

f(a) + f(b)
2 − 1

(b− a)

∫ b

a
f(t)dt

= b− a
2

∫ 1

0
(1− 2t)f ′(ta+ (1− t)b)dt.

Lemma 2.3.2 Let f : [a, b] → R be positive function and f ∈ L1[a, b]. If f is
quasi-convex on [a, b], the subsequent inequality for k-fractional integrals is valid

Γk(α + k)
2(b− a)αk

[kJαa+f(b) +k J
α
b−f(a)] ≤ max {f(a), f(b)}.

with α

k
> 0.

Proof

Since f is quasi-convex on [a,b], we have

f(ta+ (1− t)b) ≤ max{f(a), f(b)},

and
f((1− t)a+ tb) ≤ max{f(a), f(b)},

by adding these inequalities, we get

1
2[f(ta+ (1− t)b) + f((1− t)a+ tb)] ≤ max{f(a), f(b)},
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now multiplying both sides by t
α
k
−1 and integrating the resulting inequality with

respect to t over [0,1] , we obtain:∫ 1

0
t
α
k
−1f(ta+ (1− t)b)dt+

∫ 1

0
t
α
k
−1f((1− t)a+ tb)dt

=
∫ b

a
(b− u
b− a

)αk−1f(u) du

a− b
+
∫ b

a
(v − a
b− a

)αk−1f(v) dv

b− a

≤ 2k
α
max{f(a), f(b)}.

by using the definition of k-Riemann-Liouville fractional integrals, we get

Γk(α + k)
2(b− a)αk

[kJαa+f(b) +k J
α
b−f(a)] ≤ max{f(a), f(b)}.

hence the proof is complete.

Particular cases

Corollary 15 If k = 1, we have an inequality for Riemann fractional integrals is
valid:

Γ(α + 1)
2(b− a)α [Jαa+f(b) + Jαb−f(a)] ≤ max{f(a), f(b)},

with α > 0.

Corollary 16 If we put α = 1, then

1
(b− a)

∫ b

a
f(t)dt ≤ max{f(a), f(b)}.

Theorem 2.3.1. Let f : [a, b] → R be a differentiable function on (a,b), if |f ′|is
quasi-convex on [a, b], α > 0, the inequality for k-Riemann fractional integrals is
valid:

| f(a) + f(b)
2 − Γk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
(α
k

+ 1)
(1− 1

2α
k

) max{| f ′(a) |, | f ′(b) |}.
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Proof

Using Lemma 2.3.1 , the fact that |f ′ | is quasi-convex and properties of modulus,
we have

| f(a) + f(b)
2 − αΓk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
2

∫ 1

0
| (1− t)αk − tαk || f ′(ta+ (1− t)b) | dt.

≤ b− a
2

∫ 1

0
| (1− t)αk − tαk | max{| f ′(a) |, | f ′(b) |}dt

= b− a
2 {

∫ 1
2

0
[(1− t)αk − tαk ]

∫ 1

1
2

[tαk − (1− t)αk − (1− t)αk ]dt}max{| f ′(a) |, | f ′(b) |}

= b− a
(α
k

+ 1)(1− 1
2α
k

)max{| f ′(a) |, | f ′(b) |}

Here we have used∫ 1

0
| (1− t)αk − tαk | dt =

∫ 1
2

0
[(1− t)αk − tαk ]dt+

∫ 1

1
2

[tαk − (1− t)αk ]dt

= 2
(α
k

+ 1)(1− 1
2α
k

).

which completes the proof.

Particular cases

Corollary 17 If k = 1, the inequality for Riemann-Liouville fractional integrals is
valid

|f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)]|

≤ b− a
α + 1(1− 1

2α ) max{|f ′(a)|, |f ′(b)|}.

Corollary 18 If we put α = 1, we obtain

|f(a) + f(b)
2 − 1

(b− a)

∫ b

a
f(t)dt|

≤ b− a
4 max{|f ′(a)|, |f ′(b)|}.
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Theorem 2.3.2. Let f : [a, b] → R be a differentiable function on (a,b) such that
f
′ ∈ L1[a, b]. If | f ′ |q is quasi-convex on [a, b] and q > 1 , the sebsequent inequality

for k-fractional integrals is valid:

| f(a) + f(b)
2 − Γk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
2(α

k
p+ 1)

1
p

(max{| f ′(a) |q, | f ′(b) |q})
1
q .

Where 1
p

+ 1
q

= 1 and α

k
∈ [0, 1] .

Proof

From Lemma 2.3.1 and using Hölder’s inequality with properties of modulus, we
have

| f(a) + f(b)
2 − Γk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
2

∫ 1

0
| (1− t)αk − tαk || f ′(ta+ (1− t)b) | dt

≤ b− a
2 (

∫ 1

0
| (1− t)αk − tαk |p dt)

1
p (
∫ 1

0
| f ′(ta+ (1− t)b) |q dt)

1
q

We know that for α
k
∈ [0, 1] and for all t1, t2 ∈ [0, 1], | t

α
k
1 − t

α
k
2 |≤| t1− t2 |

α
k therefore

∫ 1

0
| (1− t)αk − tαk |p dt ≤

∫ 1

0
| 1− 2t |αk p dt

=
∫ 1

2

0
| 1− 2t |αk p dt+

∫ 1

1
2

| 1− 2t |αk p dt

= 1
α
k
p+ 1 .

Since | f ′ |q is quasi-convex on[a, b], we have

| f(a) + f(b)
2 − αΓk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
2(α

k
p+ 1)

1
p

(max{| f ′(a) |q, | f ′(b) |q})
1
q .
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Particular cases

Corollary 19 If k = 1 , the inequality for Riemann-Liouville fractional integrals is
valid

| f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)] |

≤ b− a
2(αp+ 1)

1
p

(max{| f ′(a) |q, | f ′(b) |q})
1
q .

Where 1
p

+ 1
q

= 1 and α ∈ [0, 1].

Corollary 20 If we put α = 1, we obtain :

| f(a) + f(b)
2 − 1

(b− a)

∫ b

a
f(t)dt |

≤ b− a
2(p+ 1)

1
p

(max{| f ′(a) |q, | f ′(b) |q})
1
q .

Where 1
p

+ 1
q

= 1 and α ∈ [0, 1].

Theorem 2.3.3. Let f : [a, b] → R be a differentiable function on (a,b) such that
f
′ ∈ L1[a, b]. If | f ′ |q is quasi-convex on [a, b] and q > 1 , the following inequality

for k-fractional integrals is valid:

| f(a) + f(b)
2 − Γk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
(α
k

+ 1)(1− 1
2α
k

)(max{| f ′(a) |q, | f ′(b) |q})
1
q

with α

k
> 0

Proof

From Lemma 2.3.1, using power mean inequality with properties of modulus and
using the fact that | f ′ | is quasi-convex, we have

| f(a) + f(b)
2 − Γk(α + k)

2(b− a)αk
[kJαa+f(b) +k J

α
b−f(a)] |

≤ b− a
2

∫ 1

0
| (1− t)αk − tαk || f ′(ta+ (1− t)b) | dt
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≤ b− a
2 (

∫ 1

0
| (1− t)αk − tαk | dt)1− 1

q (
∫ 1

0
| (1− t)αk − tαk || f ′(ta+ (1− t)b) |q dt)

1
q

≤ b− a
2 (

∫ 1

0
| (1− t)αk − tαk | dt)(max{| f ′(a) |q, | f ′(b) |q})

1
q

= b− a
2 (

∫ 1
2

0
[(1− t)αk − tαk ]dt+

∫ 1

1
2

[tαk − (1− t)αk ]dt)(max{| f ′(a) |q, | f ′(b) |q})
1
q

= b− a
(α
k

+ 1)
(1− 1

2
α

k

)(max{| f ′(a) |q, | f ′(b) |q})
1
q .

Which complete the proof.

Particular cases

Corollary 21 If k = 1 , the following inequality for Riemann-Liouville fractional
integrals is valid:

| f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + [Jαb−f(a)] |

≤ b− a
(α + 1)(1− 1

2α )(max{| f ′(a) |q, | f ′(b) |q})
1
q , with α ∈ [0, 1].

Corollary 22 If we put α = 1 , we put

| f(a) + f(b)
2 − 1

(b− a)

∫ b

a
f(t)dt |≤ b− a

4 (max{| f ′(a) |q, | f ′(b) |q})
1
q .

We conclude the following diagram:

Figure 2.1: K-Riemann-Liouville Diagram.
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Chapter 3
Hermite-Hadamard type
inequalities for quasi-convex
functions via katugampola
fractional integrals

The main purpose of this chapter is to establish Hermite-Hadmard’s inequalities
for quasi-convex functions via Katugampola fractional integral. We also obtain
Hermite-Hadmard type inequalities of these classes functions.[11]

3.1 Katugampola fractional integral

Definition 3.1.1. [12] Let 1 ≤ p <∞. The set Xp
c (a, b) is the set of the functions

f : [a, b]→ R, such that

1. f mesurable.

2.
∫ b

a
|xcf(x)|pdx

x
<∞.

Theorem 3.1.1. The space Xp
c (a, b) is a Banach space with the norm

||f ||Xp
c

=
(∫ b

a
|xcf(x)|pdx

x
<∞

)1/p

.
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3. HERMITE-HADAMARD TYPE INEQUALITIES FOR QUASI-CONVEX FUNCTIONS VIA
KATUGAMPOLA FRACTIONAL INTEGRALS

Remark 3.1.1. If c = 1/p, we obtain the classical Lp space.

Katugampola gave a fractional integral that generalizes the Riemann-Liouville and
the Hadamard fractional integral into a single form.

Definition 3.1.2. Let [a, b] ⊂ R be a finite interval f ∈ Xp
c (a, b). Then, the left-and

right-side Katugampola fractional integrals of order (α > 0) are defined:

ρIαa+f(x) = ρ1−α

Γ(α)

∫ x

a
tρ−1(xρ − tρ)α−1f(t)dt. (3.1)

and
ρIαb−f(x) = ρ1−α

Γ(α)

∫ b

x
tρ−1(tρ − xρ)α−1f(t)dt. (3.2)

with a ≤ x ≤ b and ρ > 0, if the integral exist.

Proposition 3.1.2. Let α > 0 and ρ > 0. Then for x > a,

lim
ρ→1

(
ρIαa+f(x)

)
= Jαa+f(x).

We have :
ρIαa+f(x) = ρ1−α

Γ(α)

∫ x

a

tρ−1

(xρ − tρ)1−αf(t)dt

When ρ→ 1 , we obtain(
ρ1−α

Γ(α)

∫ x

a
lim
ρ→1

tρ−1

(xρ − tρ)1−αf(t)dt
)

= 1
Γ(α)

∫ x

a
(x− t)α−1f(t)dt

= Jαa+f(x) 0 ≤ a < x < b

Similar results also hold for right-sided operators.

Lemma 3.1.1. Let f : [aρ, bρ] → R be a differentiable function on (aρ, bρ) with
0 ≤ a < b. Thene the following inequality holds if the fractional integral exist:

f(aρ) + f(bρ)
2 − αραΓ(α + 1)

2(bρ − aρ)α
[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]
= bρ − aρ

2

∫ 1

0
[(1− tρ)α − tρα] tρ−1f ′(tρaρ + (1− tρ)bρ)dt.

(3.3)

38



3. HERMITE-HADAMARD TYPE INEQUALITIES FOR QUASI-CONVEX FUNCTIONS VIA
KATUGAMPOLA FRACTIONAL INTEGRALS

3.2 Katugampula fractional integral via convexity

Theorem 3.2.1. Let α1, α2 ≥ 1, ρ1, ρ2 ≥ 0, Let f : [a, b] → R be a non-negative
differentiable function. If |f ′| is convex function, then
(ρ1Γ(α1 + 1)ρ1Ia

+

α1 − ρ2Γ(α2 + 1)ρ2Ib
−

α2 ) + ρα2
2 (bρ2 −xρ2)α2f(b)− ρα1 (bρ1 −xρ1)α1f(a) ≤

|f ′(x)|ρ
α
2 (b− x)(bρ2 − xρ2)α2 + ρα1−1

1 (x− a)(xρ1 − aρ1)α1

2 +

|f ′(b)|ρ
α
2 (b− x)(bρ2 − xρ2)α2

2 + |f ′(a)|ρ
α1
1 (x− a)(xρ1 − aρ1)α1

2 .

Proof

We consider the function f on the interval [a, x], x ∈ (a, b), then for t ∈ [a, x] and
α1 ≥ 0, ρ1 ≥ 0 the following inequality holds

(xρ1 − tρ1)α1 ≤ (xρ1 − aρ1)α1 . (3.4)

Since f ′ is convex therefore for t ∈ [a, x], we have

−
(
x− t
x− a

|f ′(a)|+ t− a
x− a

|f ′(x)|
)
≤ f ′(t) ≤ x− t

x− a
|f ′(a)|+ t− a

x− a
|f ′(x)|. (3.5)

Multiplying inequalities (3.4) and the right hand side (3.5) and integrating the re-
sulting inequality over [a, x] with respect to t, we obtain:

Γ(α1 − 1)ρ1Iα1
a+f(x)− ρα1−1

1 (xρ1 − aρ1)α1−1f(a) ≤

ρα1−1
1 (x− a)((xρ1 − aρ1)α1)f

′(x) + f ′(a)
2 ,

on the other hand α2 ≤ 0, ρ2 ≤ 0, t ∈ [x, b], we have

(tρ2 − xρ2)α2 ≤ (bρ2 − xρ2)α2 (3.6)

Since f ′ is convex therefore for t ∈ [x, b], we have

f ′(t) ≤ b− t
b− x

f ′(x) + t− x
b− x

f ′(b). (3.7)

From (3.6) and (3.7) and integrating over [x, b], we obtain:
ρ1−α

2

∫ b

x
(tρ2 − xρ2)f ′(t)dt ≤ ρ1−α2

2 (b− x)(bρ2 − xρ2)α2+1f
′(x) + f ′(b)

2 ,
By integrating by parts, we obtain:

ρ2Γ(α2 + 1)ρ2Iα2
b−f(x)− ρ1−α2

2 (bρ2 − xρ2)α2f(b) ≤

ρα2 (x− a)((xρ2 − aρ2)α2)f
′(x) + f ′(a)

2
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By adding inequalities (3.6) and (3.10), we get (3.2.1).
By setting α1 = α2 = α and ρ1 = ρ2 = ρ in (3.6), we get the following corollary

Corollary 23 Under the assumptions of theorem (3.2.1), the inequality
(ρΓ(α + 1)(Ia+

α f(x)− IIb−α f(x)) + ρα2 (bρ − xρ)αf(b)− ρα(xρ − aρ)αf(a) ≤

|f ′(x)|ρ
α(b− x)(bρ − xρ)α + ρα−1(x− a)(xρ − aρ)α

2 +

|f ′(b)|ρ
α
2 (b− x)(bρ − xρ2)α

2 + |f ′(a)|ρ
α(x− a)(xρ − aρ)α

2 .

Corollary 24 Letting ρ→ 1 in (23), we get

Γ(α + 1)(Jαa+f(x)− Jαb−f(x))− (f(b)(b− x)α + f(a)(x− a)α) ≤

f ′(x)(b− x)α+1 + (x+ a)α+1

2 + f ′(b)(b− x)α+1

2 + f ′(a)(x+ a)α+1

2 .

holds

Corollary 25 By setting α = 1 and x = b+ a

2 in (24), we get the following in-
equality

1
b− a

∫ b

a
f(t)dt− f(b) + f(a)

2 ≤ (b− a)
8

(
2f ′

(
a+ b

2 + f ′(b) + f ′(a)
))

. (3.8)

We need the following result

Lemma 3.2.1. Let f : [a, b]→ R be a convex function If f symmetric about a+ b

2 ,
then the following inequality holds

f

(
a+ b

2

)
≤ f(x), x ∈ [a, b]. (3.9)

Theorem 3.2.2. Let α1 > 0, α2 > 0, ρ1, ρ2 ≥ 0, let f : [a, b] → R, be a convex
function, If f is symmetric about a+ b

2 , then

f

(
a+ b

2

)[
aρ1

∫ b

a

(
tρ1 − aρ1

ρ1

)α1

dt+ aρ1
∫ b

a

(
tρ1 − aρ1

ρ1

)
α1dt

]
≤

Γ(α1)ρ1Iα1+1
a+ f(b) + Γ(α1)ρ2Iα1+1

b− f(a) ≤[
bρ1

(
bρ1 − aρ1

ρ1

)α1

+ bρ2

(
bρ1 − aρ2

ρ2

)
α2dt

]
(b− a)f(b) + f(a)

2

holds
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Proof

We have for t ∈ [a, b]

ρ−α1
1 tρ1(tρ1 − aρ1)α1 ≤ ρ−α1

1 bρ1(bρ1 − aρ1)α1 . (3.10)

Since f is convex therefore for t ∈ [a, b], we have

f(t) ≤ t− a
b− a

f(b) + b− t
b− a

f(a). (3.11)

Multiplying inequalities (3.10), (3.11), and integrating over [a, b], with respect to t,
we get

ρα1
1

∫ b

a
(tρ1 − aρ1)α1f(t)dt ≤ ρα1

1 (b− a)α1+1f(a) + f(b)
2 . (3.12)

We have
Γ(α1)ρ1Iα1

a+f(b) ≤ bρ1(b− a)
(
bρ1 − aρ1

ρ1

)α1 f(a) + fb

2 . (3.13)

On the other hand

ρ−α2
1 tρ2(tρ2 − aρ2)α2 ≤ ρ−α2

2 bρ2(bρ2 − aρ2)α2−1. (3.14)

Similarly, we get

Γ(α2)ρ2Iα2
a+f(b) ≤ bρ2(b− a)

(
bρ2 − aρ2

ρ2

)α2 f(a) + fb

2 . (3.15)

By adding (3.13) and (3.13), we obtain

Γ(α1)ρ1Iα1+1
a+ f(b) + Γ(α2)ρ2Iα2

b−f(a) ≤[
bρ1

(
bρ1 − aρ1

ρ1

)α1

+ bρ2

(
bρ1 − aρ2

ρ2

)
α2dt

]
(b− a)f(b) + f(a)

2

Using lemma (3.2.1), we have

f

(
a+ b

2

)[
aρ1

∫ b

a

(
tρ1 − aρ1

ρ1

)α1

dt

]
≤ Γ(α1 + 1)ρ1Iα+1

a+ f(b) (3.16)

Analogously

f

(
a+ b

2

)[
aρ1

∫ b

a

(
tρ1 − aρ1

ρ1

)α1

dt

]
≤ Γ(α1 + 1)ρ2Iα+1

b− f(a) (3.17)

Combining (3.15), (3.16) and (3.17), we get the required inequality. By setting
α1 = α2 = α and ρ1 = ρ2 = ρ
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Corollary 26 Under the assumptions of (3.2.2) the following inequality

f

(
a+ b

2

)
aρ
[∫ b

a

(
tρ − aρ

ρ

)α
+
(
bρ − tρ

ρ

)α
dt

]
≤ Γ(α + 1)Iα+1

a+ f(b) + I
α+1
b− f(a) ≤

bρ(b− a)
(
bρ − aρ

ρ

)
(f(b) + f(a)).

If we let ρ→ 1 in (3.18), we get the corollary.

Corollary 27 Under the assumptions of (3.2.2) the following inequality

1
α + 1f

(
a+ b

2

)
≤ Γ(α + 1)

(b− a)α+1 (J b−α+1f(a) + Ja+
α+1f(b))(

f(a) + f(b)
2

)
.

3.3 Katugampula fractional integral via quasi-convexity

Theorem 3.3.1. Let α > 0 and ρ > 0. Letf : [aρ, bρ] → R be a positive function
with 0 ≤ a < b and f ∈ Xp

c (aρ, bρ). If f is a quasi-convex function on [aρ, bρ], then
the following inequality holds:

ραΓ(α + 1)
2(bρ − aρ)α

[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]
≤ max{f(aρ), f(bρ)} (3.18)

where g(x) = xρ.

Proof

Since f is quasi-convex function on [aρ, bρ], we get

f(tρaρ + (1− tρ)bρ) ≤ max{f(aρ), f(bρ)}.

and
f(tρbρ + (1− tρ)aρ) ≤ max{f(aρ), f(bρ)}.

by adding inequalities we have

1
2 [f(tρaρ + (1− tρ)bρ) + f(tρbρ + (1− tρ)aρ)] ≤ max{f(aρ), f(bρ)}, (3.19)
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Multiplying both sides of (3.19) by tαρ−1 and integrating the resulting inequality
with respect to t over [aρ, bρ],we obtain∫ 1

0
tαρ−1f(tρaρ + (1− tρ)bρ) +

∫ 1

0
tαρ−1f(tρbρ + (1− tρ)aρ)

=
∫ b

a

(
bρ − xρ

bρ − aρ

)α−1

f(xρ) xρ−1

bρ − aρ
dx+

∫ b

a

(
xρ − aρ

bρ − aρ
)α−1

f(xρ) xρ−1

bρ − aρ
dx

= 1
(bρ − aρ)α

∫ b

a

xρ−1

(bρ − xρ)1−αf(xρ)dx+ 1
(bρ − aρ)α

∫ b

a

xρ−1

(xρ − aρ)1−αf(xρ)dx

= Γ(α)
ρ1−α(bρ − aρ)α

[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]
≤ 2

ρα
max{f(aρ), f(bρ)}

So we get the desired result .

Particular cases

Corollary 28 In theorem 3.3.1, taking limit ρ→ 1, we obtain inequality of Riemann-
Liouville

Γ(α + 1)
2(b− a)α [Jαa+f(b) + Jαb−f(a)] ≤ max{f(a), f(b)},

with α > 0.

Corollary 29 If we put α = 1 , we obtain :

1
b− a

∫ b

a
f(t)dt ≤ max{f(a), f(b)}.

Theorem 3.3.2. Let α > 0 and ρ > 0. Letf : [aρ, bρ] → R be a differentiable
function on [aρ, bρ] with 0 ≤ a < b . If |f ′| is a quasi-convex function on [aρ, bρ] ,
then the following inequalities holds:∣∣∣∣∣f(aρ) + f(bρ)

2 − αραΓ(α + 1)
2(bρ − aρ)α

[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]∣∣∣∣∣
= bρ − aρ

ρ(α + 1)

(
1− 1

2ρ(α+1)

)
max{|f ′(aρ)|, |f ′(bρ)|}, (3.20)

where g(x) = xρ.
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Proof

Using the Beta-function and quasi-convex of |f’| with modulus, we get:∣∣∣∣∣f(aρ) + f(bρ)
2 − αραΓ(α + 1)

2(bρ − aρ)α
[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]∣∣∣∣∣
≤ bρ − aρ

2

∫ 1

0
[(1− tρ)α − tρα] tρ−1f ′(tρaρ + (1− tρ)bρ)dt

≤ bρ − aρ

2

∫ 1

0
[(1− tρ)α − tρα] tρ−1max{|f ′(aρ)|, |f ′(bρ)|}

= bρ − aρ

2 max{|f ′(aρ)|,|f ′(bρ)|}

×


∫ 1

21/ρ

0
[(1− tρ)α − tρα] tρ−1dt+

∫ 1

1

2
1
ρ

[tρα + (1− tρ)α] tρ−1dt


where ∫ 1

2
1
ρ

0
[(1− tρ)α − tρα] tρ−1dt+

∫ 1

1

2
1
ρ

[tρα + (1− tρ)α] tρ−1dt

= 1
ρ

{∫ 1
2

0
[(1− u)α − uα] du+

∫ 1

1
2

[uα − (1− u)α] du
}

= 2
ρ(α + 1)

(
1− 1

2α
)

(3.21)

The proof is completed.

3.3.1 Particular cases of Katugampula fractional integral

via quasi-covexity

Corollary 30 In theorem 3.3.2 , taking limit ρ → 1 we obtain inequality of Rie-
mann

|f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)]|

≤ b− a
α + 1(1− 1

2α ) max{f ′(a), f ′(b)}.

Corollary 31 If we put α = 1 in previous corollary , we obtain

|f(a) + f(b)
2 − 1

(b− a)

∫ b

a
f(t)dt| ≤ b− a

4 max{|f ′(a)|, |f ′(b)|}.

Theorem 3.3.3. Let α > 0 and ρ > 0. Letf : [aρ, bρ] → R be a differentiable
function on [aρ, bρ] with 0 ≤ a < b . If |f ′|q is a quasi-convex function on [aρ, bρ] and
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s > 1 , then the following inequality holds:∣∣∣∣∣f(aρ) + f(bρ)
2 − αραΓ(α + 1)

2(bρ − aρ)α
[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]∣∣∣∣∣
= bρ − aρ

2 (max{|f ′(a)|q, |f ′(b)|q})
1
q (K1 +K2) 1

s

,

where

K1 = 1
ρ2s+

1−a
ρ

B

(
s+ 1− s

ρ
, as+ 1

)
, K2 = as+ 1

2ρ 2
F1

(
1− s+ s− 1

ρ
, 1; as+ 2; 1

2

)
,

1
s

+ 1
q

= 1

and g(x) = xρ .

Proof

Using Beta function, Hölder’s inequality and quasi-convex of |f ′ | with properties of
modulus, we have∣∣∣∣∣f(aρ) + f(bρ)

2 − αραΓ(α + 1)
2(bρ − aρ)α

[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]∣∣∣∣∣
≤ bρ − aρ

2

∫ 1

0
|(1− tρ)α − tρα|ρ−1|f ′(tρaρ + (1− tρ)bρ)|dt

≤ bρ − aρ

2

(∫ 1

0
|(1− tρ)α − tρα|sts(ρ−1)dt

)1/s (∫ 1

0
|f ′(tρaρ + (1− tρ)bρ)|qdt

)1/q

≤ bρ − aρ

2

(∫ 1

0
|(1− 2tρ)αs|αsts(ρ−1)dt

)1/s
(max{|f ′(aρ)|q, |f ′(bρ)|q}1/q)

= bρ − aρ

2 max{|f ′(a)|q, |f ′(b)|q}1/q

×


∫ 1

21/ρ

0
(1− 2tρ)αsts(ρ−1)dt+

∫ 1

1
21/ρ

(2tρ − 1)αsts(ρ−1)dt


1/s

= b− a
2 (max{|f ′(aρ)|q, |f ′(bρ)|q})1/q(K1 +K2)1/s (3.22)

Where

K1 =
∫ 1/21/ρ

0
(1− 2tρ)αsts(ρ−1)dt = 1

ρ2s+
1−s
ρ

∫ 1

0
us−1+ 1−s

ρ (1− u)αsdu

= 1
ρ2s+

1−s
ρ

B

(
s+ 1− s

ρ
, αs+ 1

)
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K2 =
∫ 1

1/21/ρ
(2tρ − 1)αsts(ρ−1)dt = 1

2s+
1−s
ρ ρ

∫ 1

0
uαs(1 + u)s−1+ 1−s

ρ du

= αs+ 1
2ρ 2F1

(
1− s+ s− 1

ρ
, 1;αs+ 2; 1

2

)

So, if we use (3.23), (3.23) in(3.22) , we obtain desired result.

Particular cases

Corollary 32 In theorem 3.3.3, taking limit ρ→ 1 we obtain inequality of Riemann-
Liouville

|f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)]|

≤ b− a
2(αp+ 1)1/p

(
1− 1

2α
)

(max{|f ′(a)|q, |f ′(b)|q})1/q.

Corollary 33 If we put α = 1 in previous corollary , we obtain

|f(a) + f(b)
2 − 1

b− a

∫ b

a
f(t)dt

≤ b− a
4(p+ 1)1/p (max{|f ′(a)|q, |f ′(b)|q})1/q.

Theorem 3.3.4. Let α > 0 and ρ > 0. Letf : [aρ, bρ] → R be a differentiable
function on [aρ, bρ] with 0 ≤ a < b . If |f ′|q is a quasi-convex function on [aρ, bρ] and
q > 1, then the following inequality holds:∣∣∣∣∣f(aρ) + f(bρ)

2 − αραΓ(α + 1)
2(bρ − aρ)α

[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]∣∣∣∣∣
≤ b− a
ρ(α + 1)

(
1− 1

2α
)

(max{|f ′(aρ)|q, |f ′(bρ)|q})1/q,

Where g(x) = xρ.

Proof

From Lemma 3.1.1, quasi-convex of |f ′ | and using power-mean inequality with prop-
erties of modulus, we have∣∣∣∣∣f(aρ) + f(bρ)

2 − αραΓ(α + 1)
2(bρ − aρ)α

[
ρIαa+(fog)(b) +ρ Iαb−(fog)(a)

]∣∣∣∣∣
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≤ bρ − aρ

2

∫ 1

0
|(1− tρ)α − tρα|tρ−1|f ′(tρaρ + (1− tρ)bρ)|dt

≤ bρ − aρ

2

(∫ 1

0
|(1− tρ)α − tρα|tρ−1dt

)1−1/q

×
(∫ 1

0
|(1− tρ)α − tρα|tρ−1|f ′(tρaρ + (1− tρ)bρ)|qdt

)1/q

≤ bρ − aρ

2

(∫ 1

0
|(1− tρ)α − tρα|tρ−1dt

)1−1/q

×(max{|f ′(aρ)|q, |f ′(bρ)|q})1/q
(∫ 1

0
|(1− tρ)α − tρα|tρ−1dt

)1/q

= bρ − aρ

2

(∫ 1

0
|(1− tρ)α − tρα|tρ−1dt

)
(max{|f ′(aρ)|q, |f ′(bρ)|q})1/q

Using (3.21) we get desired result.

particular cases

Corollary 34 In theorem 3.3.3 , taking limit p→ 1, we obtain inequality of Riemann-
Liouville

| f(a) + f(b)
2 − Γ(α + 1)

2(b− a)α [Jαa+f(b) + Jαb−f(a)] |

≤ b− a
α + 1(max{| f ′(a) |q, | f ′(b) |q})

1
q ,

where 1
p

+ 1
q

= 1 and α ∈ [0, 1].

Corollary 35 If we put α = 1 , we put

| f(a) + f(b)
2 − 1

(b− a)

∫ b

a
f(t)dt |

≤ b− a
4 (max{| f ′(a) |q, | f ′(b) |q})

1
q .

We conclude the following diagram
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Figure 3.1: Katugampula Diagram.
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General Conclusion

To sum up, In this work we have studied some notions on quasi-convexity and in-
tegral inequalities classic and fractional, we have dealt with Hermite-Hedamard’s
classic and fractional.
We have achieved the main objective which is the study of some classical integral
inequalities and we have established some results on fractional calculus.
In the first chapter we have presented some basic notions and important tools of
convexity and quasi-convexity, which led us to deal with Classical case of Hermite-
Hadamard’s inequalities via convexity and via quas-convexity . Then we have dis-
cussed in the second chapter the k-Riemann-Liouville Fractional Integral and some
special cases when k = 1, this case is Hermite-Hadamard inequality. The last
chapter shed light on Hermite-Hadamard type inequalities for quasi-convex func-
tions via katugampola fractional integrals which generalizes the previous results of
k-Riemann-Liouville Fractional Integral and Hermite-Hadamard fractional integral.
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