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INTRODUCTION

The objective of this work is to present some results from international scientific
articles on Bullen and Milne inequalities. All integral inequalities are considered
in the Lebesgue space Lp, where p ≥ 1. The techniques used are the properties of
integral calculus, integration by parts, convex function, k-Lipschitzian functions
and bounded functions.

This memory is composed of four chapters.

In the first chapter (titled Preliminary), we provide notations and defini-
tions for

1. Lp functions, k-Lipschitzian functions, bounded functions, Hölder’s inequal-
ity.

2. Convex functions, specific cases of convexity: s-convex functions, P -convex
functions and Godunova-levin functions.

3. h-convex function, specific cases of h-convexity.

4. B-function and special cases.

The second chapter is devoted to a result on Hermite-Hadamard inequality.
We give the two versions on Hermite-Hadamard inequality via convex functions
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and Hermite-Hadamard inequality via h-convex functions.

In the third chapter, we present results related to Bullen inequality via h-
convex functions, Hölder inequality, k-lipschitzian functions and bounded functions
.

In the fourth chapter, we study results related to Milne inequality via h-
convex functions, Hölder inequality, k-lipschitzian functions and bounded functions
.
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Chapter 1

Preliminary

1.1 Special sets of functions

1.1.1 Lp functions

Definition 1.1. Let ∞ ≤ a < b ≤ +∞ and 1 ≤ p < +∞ The space Lp([a, b]) is
the classes of real functions f measurable such that∫ b

a

| f(t) |p dt <∞.

The norme is defined by :

‖f‖p =
(∫ b

a

| f(t) |p dt
) 1

p

.

1.1.2 k-Lipschitzian functions

Definition 1.2. Let I ⊆ R, k ∈ R+ and f : I → R be a real function. We say
that f is k-Lipschitzian on I, if for all x, y ∈ I

| f(x)− f(y) |≤ k | x− y | .

1.1.3 Bounded functions

Let I ⊆ R and f : I → R be a real function. We say that f is bounded on I, if
there exist m,M ∈ R such that for all x ∈ I:

m ≤ f(x) ≤M.

The caractiristic form of bounded function is: there exist C > 0 such that

∀x ∈ I :| f(x) |≤ C.
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1.2 Integral inequalities :

1.2.1 Hölder’s inequality:

Let p, q > 1 where 1
p
+ 1

q
= 1, and f ∈ Lp([a, b]), g ∈ Lq([a, b]) then∫ b

a

| f(x)g(x) | dx ≤
(∫ b

a

| f(x) |p dx
) 1

p
(∫ b

a

| g(x) |q
) 1

q

.

Weighted Hölder’s inequality (power mean inequality)

Let p ≥ 1, f ∈ Lp([a, b]) and w be a weighted function (positive and measurable
function) then∫ b

a

w(x) | f(x) | dx ≤
(∫ b

a

w(x)dx

)1− 1
p
(∫ b

a

w(x) | fp(x) | dx
) 1

p

.

Proof. Applying the Hölder’s inequality for p ≥ 1 gets∫ b

a

w(x) | f(x) | dx =

∫ b

a

(
w

1
q (x)w

1
p (x)

)
| f(x) | dx

≤
(∫ b

a

(
w

1
q (x)

)q
dx

) 1
q
(∫ b

a

(
w

1
p (x) |f(x)|p dx

)) 1
p

=

(∫ b

a

w(x)dx

)1− 1
p
(∫ b

a

w(x) | f(x) |p dx
) 1

p

.

Integral by parts

Let [a, b] ⊆ R and u, v be a two function of class C1([a, b]) :∫ b

a

u(t)v′(t)dt = [u(t)v(t)]ba −
∫ b

a

u′(t)v(t)dt.

Change of variables:

Let [a, b] ⊆ R and ϕ be a function of class C1([a, b]) and f a continuous function
on ϕ([a, b]), then ∫ b

a

f(ϕ(t))ϕ′(t)dt =

∫ ϕ(b)

ϕ(a)

f(x)dx.
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If ϕ is bijective mapping: [a, b]→ ϕ([a, b]), then∫ b

a

f(x)dx =

∫ ϕ−1(b)

ϕ−1(a)

f(ϕ(t))ϕ′(t)dt.

1.3 Convex functions
Convexity theory offers powerful processes and notions for dealing with a wide
range of pure and applied mathematics problems. Convex functions have been used
in various mathematical disciplines, leading to new discovery of many inequalities
in the literature.

Definition 1.3. The function: f : I ⊆ R → R is said convex if for all x, y ∈ I
and all α, β ≥ 0 such that α + β = 1 we have:

f(αx+ β y) ≤ α f(x) + β f(y). (1.1)

f is said concave function if (−f) is a convex function.

There is other type of formulations, such that for all a, b ∈ I and all t ∈ [0, 1]

f(ta+ (1− t)b) ≤ tf(a) + (1− t)f(b), (1.2)

f

(
t

2
a+

(
1− t

2

)
b

)
≤ t

2
f(a) +

(
1− t

2

)
f(b), (1.3)

and

f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
≤
(
1 + t

2

)
f(a) +

(
1− t
2

)
f(b). (1.4)
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Graphical interpretation

Figure 1.1: graph 1

For any two pointsM(x, f(x)) and N(y, f(y)) on the graph, the segment [MN ]
appears on this graph.

1.4 Specific cases of convexity

1.4.1 s-convex functions

Definition 1.4. [1] Let s ∈ (0, 1]. A function f : I ⊆ R→ R is said to be s-convex
in the second sense if:

f(ta+ (1− t)b) ≤ tsf(a) + (1− t)sf(b),

for all a, b ∈ R and t ∈ [0, 1] .

Definition 1.5. Let s ∈ (0, 1]. A function f : I ⊆ R → R is said to be s-convex
in the first sense if:

f(ta+ (1− t)b) ≤ tsf(a) + (1− ts)f(b),
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for all a, b ∈ R and t ∈ [0, 1] .

Remark 1.1. For s = 1, the s-convexity becomes the classical convexity.

1.4.2 P -functions

Definition 1.6. [2, 3] We say that f : I ⊆ R → R is a P -functions, or that f
belongs to the class P (I), if for all a, b ∈ I, t ∈ [0, 1], we have

f(ta+ (1− t)b) ≤ f(a) + f(b).

1.4.3 Godunova-levin functions

Definition 1.7. [4] We say that f : I ⊆ R→ R is a Godunova-Levin function, or
that f belongs to the class %(I) if for all a, b ∈ I and t ∈ (0, 1),

f(ta+ (1− t)b) ≤ f(a)

t
+
f(b)

1− t
.

1.5 h-convex functions
Definition 1.8. [5] Let h : J ⊂ R −→ R,where (0.1) ⊂ J be a positive function.
We say that f : I ⊆ R→ R is an h-convex function, if for all a, b ∈ I and t ∈ [0, 1]
we have

f(ta+ (1− t)b) ≤ h(t)f(a) + h(1− t)f(b). (1.5)

If the inequality (1.5) is reversed, then f is called h-concave function .

1.5.1 Special cases of h-convexity

1. If h(t) = t, the definition reduces to classical convexity .

f(ta+ (1− t)b) ≤ tf(a) + (1− t)f(b).

2. If h(t) = ts where s ∈ (0, 1], the definition reduces to s-convex functions in
the second sense.

f(ta+ (1− t)b) ≤ tsf(a) + (1− t)sf(b).

3. If h(t) = 1
t
, the definition reduces to Godunova-Levin function with t ∈ (0, 1).

f(ta+ (1− t)b) ≤ f(a)

t
+
f(b)

1− t
.

4. If h(t) = 1, the definition reduces to class P -functions.

f(ta+ (1− t)b) ≤ f(a) + f(b).
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1.6 B-function
Recently, in [6]-[7] the authors presented a new class of functions called B-function
defined as:

Definition 1.9. Let g : [0,∞)→ R be a non-negative function. The function g is
called a B-function if

g(x− a) + g(b− x) ≤ 2g

(
a+ b

2

)
(1.6)

where a < x < b with a, b ∈ [0,∞).
If the inequality (1.6) is reversed, g is called A-function, or that g belongs to

the class A(a, b).
If we have equality in (1.6), g is called AB-function, or that g belongs to the class
AB(a, b).

Proposition 1.1. Let h : (0, 1) → R be a positive function. The function h is a
B-function, if only if we have: for all λ ∈ (0, 1)

h(λ) + h(1− λ) ≤ 2h

(
1

2

)
. (1.7)

Remark 1.2. There is other type of formulations, such that for all t ∈ [0, 1]

h

(
t

2

)
+ h

(
1− t

2

)
≤ 2h

(
1

2

)
, (1.8)

and

h

(
1 + t

2

)
+ h

(
1− t
2

)
≤ 2h

(
1

2

)
. (1.9)

1.6.1 Special cases

1 If h(t) = t, then h is AB-function, B-function and A-function.

2 If h(t) = 1, then h is AB-function, B-function and A-function.

3 If h(t) = ts with s ∈ (0, 1], then h is B-function.

4 h(t) = 1
t
with t ∈ (0, 1), then h is A-function.
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Proof. 1. Taking h(t) = t in the inequality (1.7) gets

t+ (1− t) = 1 ( h is AB-function) ⇒ t+ (1− t) ≤ 1 ( h is B-function).

t+ (1− t) = 1 ( h is AB-function) ⇒ t+ (1− t) ≥ 1 ( h is A-function).

2. applying h(t) = 1 in the inequality (1.7) become

1 + 1 = 2 ( h is AB-function) ⇒ 1 + 1 ≤ 2 ( h is B-function).

1 + 1 = 2 ( h is AB-function) ⇒ 1 + 1 ≥ 2 ( h is A-function).

3. Putting h(t) = ts for s ∈ (0, 1] in the inequality (1.7) yields

ts + (1− t)s ≤ 2

(
1

2

)s
.

To proof the above result, we need the following famous inequality:
let a, b > 0, p > 0,

min(1, 2p−1) (ap + bp) ≤ (a+ b)p ≤ max(1, 2p−1) (ap + bp) . (1.10)

The above inequalities (1.10) can be reformulated as follows:

min(1, 21−p)(a+ b)p ≤ ap + bp ≤ max(1, 21−p)(a+ b)p. (1.11)

For 0 < p ≤ 1, we have

ap + bp ≤ 21−p(a+ b)p,

taking a = t, b = 1− t and p = s gives

ts + (1− t)s ≤ 21−s,

thus
ts + (1− t)s ≤ 2

(
1

2

)s
.

We deduce that h(t) = ts is a B-function.
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4. Setting h(t) = 1
t
with t ∈ (0, 1) in the reverse inequality (1.7) gives

1

t
+

1

1− t
≥ 4.

For t ∈ (0, 1), we have

1

t
+

1

1− t
− 4 =

1− 4t+ 4t2

t(1− t)

=
(2t− 1)2

t(1− t)
≥ 0,

then
1

t
+

1

1− t
≥ 4.

It results that h is A-function.
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Chapter 2

Hermite-Hadamard inequality

The Hermite-Hadamard inequality is a significant mathematical theorem that de-
termines the integral average value of a convex function over a designated interval.
The Hermite-Hadamard inequality (H.H in abbreviated form) is employed in re-
search pertaining to numerical integration, optimization, and it play an essential
role in convexity theory.

This inequality gives for convex function, an estimate of the integral mean
1
b−a

∫ b
a
f(x)dx in an interval [a, b] in relation to the average image f(a+b

2
) and the

average of the images f(a)+f(b)
2

.

Regarding Hermite–Hadamard inequalities, please refer to the following refer-
ences: [6],[7], [8],[9],[10], [11],[12] and [13].

2.1 Hermite-Hadamard inequality via convex func-
tion

In the following, a, b ∈ R with a < b.

Theorem 2.1. Let f : [a, b]→ R be a convex function ,then the following inequality
is verified

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
. (2.1)

Proof. Let x ∈ [a, b], we have

f

(
a+ b

2

)
= f

(
a

2
+
b

2
+
x

2
− x

2

)

= f

(
1

2
(a+ b− x) + 1

2
x

)
,
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since x ∈ [a, b], we get

a ≤ x ≤ b ⇒ −b ≤ −x ≤ −a

⇒ a+ b− b ≤ a+ b− x ≤ a+ b− a

⇒ a ≤ a+ b− x ≤ b

⇒ (a+ b− x) ∈ [a, b].

It is assumed that f is a convex function on [a, b], we deduce

f

(
a+ b

2

)
= f

(
1

2
(a+ b− x) + 1

2
x

)

≤ 1

2
f(a+ b− x) + 1

2
f(x),

so we have
2f

(
a+ b

2

)
≤ f(a+ b− x) + f(x). (2.2)

Given that f is a convex function, putting x = ta+ (1− t)b for t ∈ [0, 1] gives

f(a+ b− x) + f(x) = f(a+ b− ta− (1− t)b) + f(ta+ (1− t)b)

= f((1− t)a+ tb) + f(ta+ (1− t)b)

≤ (1− t)f(a) + tf(b) + tf(a) + (1− t)f(b)

= f(a) + f(b),

hence
f(a+ b− x) + f(x) ≤ f(a) + f(b). (2.3)

From (2.2) and (2.3), we deduce

2f

(
a+ b

2

)
≤ f(a+ b− x) + f(x) ≤ f(a) + f(b). (2.4)

Integrating over x ∈ [a, b] the above inequality (2.4) yeilds

2(b−a)f
(
a+ b

2

)
≤
∫ b

a

f(a+ b−x)dx+
∫ b

a

f(x)dx ≤ (b−a)(f(a)+f(b)). (2.5)
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Changing the variable s = (a+ b− x), we have∫ b

a

f(a+ b− x)dx =

∫ a

b

f(s)(−ds)

=

∫ b

a

f(s)ds

=

∫ b

a

f(x)dx,

we obtain ∫ b

a

f(a+ b− x)dx =

∫ b

a

f(x)dx. (2.6)

Applying the equality (2.6) in the inequality (2.5) gives

2(b− a)f
(
a+ b

2

)
≤ 2

∫ b

a

f(x)dx ≤ (b− a)(f(a) + f(b)),

one devide by 2(b− a), we obtain

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
,

wich gives the desired result.

2.2 Hermite-Hadamard inequality via h-convex func-
tions

This section presents a generalization of the previously mentioned Hermite-Hadamard
inequality using the h-convex functions. In the following a, b ∈ R with a < b.

Theorem 2.2. Let h be a B-function and f : [a, b]→ R be an h-convex function,
then the following inequalities hold

f
(
a+b
2

)
2h
(
1
2

) ≤ 1

b− a

∫ b

a

f(x)dx ≤ h

(
1

2

)
[f(a) + f(b)]. (2.7)

Proof. Let x ∈ [a, b], we have

f

(
a+ b

2

)
= f

(
a

2
+
b

2
+
x

2
− x

2

)

= f

(
1

2
(a+ b− x) + 1

2
x

)
,
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since x ∈ [a, b], (a+b−x) ∈ [a, b] and f is an h-convex function on [a, b], we obtain

f

(
a+ b

2

)
= f

(
1

2
(a+ b− x) + 1

2
x

)

= h

(
1

2

)
f(a+ b− x) + h

(
1

2

)
f(x)

≤ h

(
1

2

)
[f(a+ b− x) + f(x)] ,

since h is a positive function, then

f
(
a+b
2

)
h
(
1
2

) ≤ f(a+ b− x) + f(x). (2.8)

Given f is an h-convex function, setting x = ta+ (1− t)b for t ∈ [0, 1] gets

f(a+ b− x) + f(x) = f(a+ b− ta− (1− t)b) + f(ta+ (1− t)b)

= f((1− t)a+ tb) + f(ta+ (1− t)b)

≤ h(1− t)f(a) + h(t)f(b) + h(t)f(a) + h(1− t)f(b)

= [h(1− t) + h(t)]f(a) + [h(1− t) + h(t)]f(b)

= [h(1− t) + h(t)](f(a) + f(b)).

Assuming that h is a B-function, we obtain

[h(1− t) + h(t)](f(a) + f(b)) ≤ 2h

(
1

2

)
[f(a) + f(b)],

thus
f(a+ b− x) + f(x) ≤ 2h

(
1

2

)
[f(a) + f(b)]. (2.9)

From (2.8) and (2.9), we result

f
(
a+b
2

)
h
(
1
2

) ≤ f(a+ b− x) + f(x) ≤ 2h

(
1

2

)
[f(a) + f(b)]. (2.10)

Integrating the above inequality (2.10) over x ∈ [a, b] results

(b− a)
f
(
a+b
2

)
h
(
1
2

) ≤ ∫ b

a

f(a+ b− x)dx+
∫ b

a

f(x)dx ≤ (b− a)2h
(
1

2

)
[f(a) + f(b)],
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by using the equality (2.6), we obtain

(b− a)
f
(
a+b
2

)
h
(
1
2

) ≤ 2

∫ b

a

f(x)dx ≤ (b− a)2h
(
1

2

)
[f(a) + f(b)],

multiplaying the previously inequality by 1
2(b−a) yields

f
(
a+b
2

)
2h
(
1
2

) ≤ 1

(b− a)

∫ b

a

f(x)dx ≤ h

(
1

2

)
[f(a) + f(b)].

wich gives the needed consequence (2.7).

Now, we will look at some particular cases of Hermite-Hadamard inequality
over convexity.

1. Putting h(t) = t in the Theorem 2.2 gives the following Corollary.

Corollary 2.1. Let f : [a, b] → R be a convex function, then the following
inequalities hold

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(x)dx ≤ f(a) + f(b)

2
.

2. Setting h(t) = 1 in the Theorem 2.2 gets the next Corollary.

Corollary 2.2. Let f : [a, b]→ R be a P -functions, then the next inequalities
hold

f
(
a+b
2

)
2

≤ 1

b− a

∫ b

a

f(x)dx ≤ [f(a) + f(b)].

3. Taking h(t) = ts in the Theorem 2.2 yields the next Corollary.

Corollary 2.3. Let s ∈ (0, 1] and f : [a, b]→ R be a s-convex function, then

f
(
a+b
2

)
21−s

≤ 1

b− a

∫ b

a

f(x)dx ≤
(

1

2s

)
[f(a) + f(b)].
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Chapter 3

Bullen inequality

3.1 Introduction
Bullen’s inequality originates from work by Peter Southcott Bullen (1928-2024),
a Brithish mathematician .

Explorations in numerical integration and the definition of error bounds are
critical in mathematical literature. Researchers have thoroughly investigated er-
ror boundaries for functions with variable differentiability, from once to many
times. The Bullen-type inequality is a significant mathematical tool for integral
estimate. The well-known Hermite-Hadamard inequality is stated as follows, for
convex function f :

f

(
a+ b

2

)
≤ 1

b− a

∫ b

a

f(t)dt ≤ f(a) + f(b)

2
. (3.1)

In [14], Bullen improved the right side of (3.1) by the following inequality,
which is known as Bullen’s inequality:

1

b− a

∫ b

a

f(t)dt ≤ 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
≤ f(a) + f(b)

2
.

The estimation of Bullen is as follows.

1

b− a

∫ b

a

f(t)dt ≈ 1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
.

For more details regarding Bullen inequality, please consult the following ref-
erences: [15], [16],[17], [18] and [19].
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3.2 Basic identity
Let I◦ ⊂ R be an open interval, with a and b as real numbers such that [a, b] ⊂ I◦.

Lemma 3.1. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦. If
f ′ ∈ L1([a, b]), then

1

2

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt =

b− a
8

∫ 1

0

(2t− 1)

[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)]
dt.

(3.2)

Proof. Let f : I◦ → R be a differentiable function on I◦ with [a, b] ⊂ I◦ and
f ′ ∈ L[a, b]. Putting

I1 =

∫ 1

0

(2t− 1)f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
dt,

and

I2 =

∫ 1

0

(2t− 1)f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
dt.

By using the integration by parts, taking
U(t) = 2t− 1

V ′(t) = f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
,

then 
U ′(t) = 2

V (t) =
2

b− a
f

((
1− t
2

)
a+

(
1 + t

2

)
b

)
.

We get
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∫ 1

0

U(t)V ′(t)dt = [U(t)V (t)]10 −
∫ 1

0

U ′(t)V (t)dt

=
2

b− a

[
(2t− 1)f

((
1− t
2

)
a+

(
1 + t

2
b

))]1
0

− 4

b− a

∫ 1

0

f

((
1− t
2

)
a+

(
1 + t

2

)
b

)
dt

=
2

b− a

[
f(b) + f

(
a+ b

2

)]
− 4

b− a

∫ 1

0

f

((
1− t
2

)
a+

(
1 + t

2

)
b

)
dt.

We use the following change of variable x = 1−t
2
a+ 1+t

2
b = b−a

2
t+ a+b

2
, then

dx = b−a
2
dt ⇒ dt = 2

b−adx

t = 0⇒ x = a+b
2

and t = 1⇒ x = b,

therefore

I1 =
2

b− a

[
f(b) + f

(
a+ b

2

)]
− 8

(b− a)2

∫ b

a+b
2

f(x)dx. (3.3)

Similarly, for the second integral

I2 =

∫ 1

0

(2t− 1)f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
dt,

we use 
U(t) = 2t− 1

V ′(t) = f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
,

then 
U ′(t) = 2

V (t) = − 2

b− a
f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
,
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hence

I2 =

∫ 1

0

(2t− 1)f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
dt

= − 2

b− a

[
(2t− 1)f

((
1 + t

2

)
a+

(
1− t
2

)
b

)]1
0

+ 4
b−a

∫ 1

0

f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
dt

= − 2

b− a

[
f(a) + f

(
a+ b

2

)]
+

4

b− a

∫ 1

0

f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
dt.

We use the following change of variable x =
(
1+t
2

)
a +

(
1−t
2

)
b = −

(
b−a
2

)
t + a+b

2
,

then
dx = − b−a

2
dt ⇒ dt = − 2

b−adx

t = 0⇒ x = a+b
2

and t = 1⇒ x = a,

then

I2 = −
2

b− a

[
f(a) + f

(
a+ b

2

)]
+

8

(b− a)2

∫ a+b
2

a

f(x)dx. (3.4)

Consequently, from the equalities (3.3) and (3.4), the following equality holds

I1 − I2 =
2

b− a

[
f(b) + f

(
a+ b

2

)
+ f(a) + f

(
a+ b

2

)]

− 8

(b− a)2

[∫ b

a+b
2

f(t)dt+

∫ a+b
2

a

f(t)dt

]

=
2

b− a

[
f(a) + f(b) + 2f

(
a+ b

2

)]
− 8

(b− a)2

∫ b

a

f(t)dt

=
4

b− a

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 8

(b− a)2

∫ b

a

f(t)dt,

multiplying the above equality by b−a
8

gives

1
2

[
f(a)+f(b)

2
+ f

(
a+b
2

)]
− 1

b−a

∫ b

a

f(t)dt =
b− a
8

[I1 − I2] .

Thus, we obtain the required equality (3.2).
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3.3 Bullen inequality via h-convex function
Theorem 3.1. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦, and
f ′ ∈ L1([a, b]). If | f ′ | is an h-convex function, then the following inequality holds.∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8
h

(
1

2

)
[|f ′(a)|+ |f ′(b)|] .

(3.5)

Proof. Using the absolute value on the identity (3.2), we result∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=

∣∣∣∣b− a8

∫ 1

0

(2t− 1)

[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|
[∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt
≤ b− a

8

∫ 1

0

|2t− 1|
[∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt.
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Since | f ′ |= g is an h-convex function, we deduce∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|
[
g

((
1− t
2

)
a+

(
1 + t

2

)
b

)
+ g

((
1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

≤ b− a
8

∫ 1

0

|2t− 1|
[
h

(
1− t
2

)
g(a) + h

(
1 + t

2

)
g(b)

+h

(
1 + t

2

)
g(a) + h

(
1− t
2

)
g(b)

]
dt

=
b− a
8

∫ 1

0

|2t− 1|
[(
h

(
1− t
2

)
+ h

(
1 + t

2

))
g(a)

+

(
h

(
1− t
2

)
+ h

(
1 + t

2

))
g(b)

]
dt

=
b− a
8

∫ 1

0

|2t− 1|
[(
h

(
1− t
2

)
+ h

(
1 + t

2

))
(g(a) + g(b))

]
dt

=
b− a
8

∫ 1

0

|2t− 1|
[(
h

(
1− t
2

)
+ h

(
1 + t

2

))
(|f ′(a)|+ |f ′(b)|)

]
dt.

Given that h is a B-function, then∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|
[(
h

(
1− t
2

)
+ h

(
1 + t

2

))
(|f ′(a)|+ |f ′(b)|)

]
dt

≤ b− a
8

∫ 1

0

|2t− 1| 2h
(
1

2

)
(|f ′(a)|+ |f ′(b)|) dt

=
b− a
4

h

(
1

2

)
[|f ′(a)|+ |f ′(b)|]

∫ 1

0

|2t− 1| dt.
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As

| 2t− 1 |=

 2t− 1 , t ∈ [1
2
, 1]

1− 2t , t ∈ [0, 1
2
],

(3.6)

then ∫ 1

0

| 2t− 1 | dt =

∫ 1
2

0

(1− 2t)dt+

∫ 1

1
2

(2t− 1)dt

=
[
t− t2

] 1
2

0
+
[
t2 − t

]1
1
2

=
1

4
−
(
−1

4

)
=

1

2
.

Hence ∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8
h

(
1

2

)
[|f ′(a)|+ |f ′(b)|] .

This gives as the desired result.

Now, we present some special cases over the convexity.

1. Putting h(t) = t in the Theorem 3.1 gives the following Corollary.

Corollary 3.1. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦,
and f ′ ∈ L1([a, b]). If | f ′ | is a convex function, then the next inequality
holds. ∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

16
[|f ′(a)|+ |f ′(b)|] .

(3.7)

2. Setting h(t) = 1 in the Theorem 3.1 gets the next Corollary.

Corollary 3.2. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦,
and f ′ ∈ L1([a, b]). If | f ′ | is P -functions, then∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8
[|f ′(a)|+ |f ′(b)|] .

(3.8)
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3. Taking h(t) = ts in the Theorem 3.1 yields the next Corollary.

Corollary 3.3. Letf : I◦ → R be a differentiable function, with [a, b] ⊂ I◦,
and f ′ ∈ L1([a, b]). If | f ′ | is an s-convex function, then the following
inequality holds.∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8 · 2s
[|f ′(a)|+ |f ′(b)|] .

(3.9)

3.4 Bullen inequality through Hölder inequality
Theorem 3.2. Let p, q > 1 where 1

p
+ 1

q
= 1 and f : I◦ → R be a differentiable

function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is h-convex function then
the next inequality holds.∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

|2t− 1|q dt
) 1

q
(
h

(
1

2

)) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(3.10)
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Proof. Using the absolute value on the identity (3.2), we result∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=

∣∣∣∣b− a8

∫ 1

0

(2t− 1)

[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|
[∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt
=
b− a
8

∫ 1

0

|2t− 1|
∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)∣∣∣∣ dt
+
b− a
8

∫ 1

0

|2t− 1|
∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣ dt.
Using Hölder’s inequality gives∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

(∫ 1

0

|2t− 1|q dt
) 1

q

·
(∫ 1

0

∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p dt)
1
p

+
b− a
8

(∫ 1

0

|2t− 1|q dt
) 1

q

·
(∫ 1

0

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p dt)
1
p

=
b− a
8

(∫ 1

0

|2t− 1|q dt
) 1

q

[(∫ 1

0

∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p dt)
1
p

+

(∫ 1

0

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p dt)
1
p

]
.
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Since, for a, b > 0, α > 0

min
(
1, 21−α

)
(a+ b)α ≤ aα + bα ≤ max

(
1, 21−α

)
(a+ b)α ,

by taking

a =

(∫ 1

0

∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p dt)

b =

(∫ 1

0

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p dt) ,
then for α = 1

p
, we get

a
1
p + b

1
p ≤ 21−

1
p (a+ b)

1
p .

Therefore∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

(∫ 1

0

|2t− 1|q dt
) 1

q

21−
1
p

×
{∫ 1

0

[∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p + ∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p] dt}
1
p

.

Given that | f ′ |p is an h-convex function, we result∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p ≤ h

(
1− t
2

)
|f ′(a)|p + h

(
1 + t

2

)
|f ′(b)|p ,

and∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p ≤ h

(
1 + t

2

)
|f ′(a)|p + h

(
1− t
2

)
|f ′(b)|p ,

then ∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

(∫ 1

0

|2t− 1|q dt
) 1

q

21−
1
p

×
{∫ 1

0

[
h

(
1 + t

2

)
+ h

(
1− t
2

)] [
|f ′(a)|p + |f ′(b)|p

]
dt

} 1
p

.
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Assumption h is a B-function, we obtain∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

(∫ 1

0

|2t− 1|q dt
) 1

q

21−
1
p

{∫ 1

0

2h

(
1

2

)[
|f ′(a)|p + |f ′(b)|p

]
dt

} 1
p

=
b− a
8

(∫ 1

0

|2t− 1|q dt
) 1

q

21−
1
p 2

1
p

(
h

(
1

2

)) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p

=
b− a
4

(∫ 1

0

|2t− 1|q dt
) 1

q
(
h

(
1

2

)) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

Now, we derive some specific cases over the convexity.

1. Putting h(t) = t in the Theorem 3.2 gives the following Corollary.

Corollary 3.4. Let p, q > 1 where 1
p
+ 1

q
= 1 and f : I◦ → R be a differ-

entiable function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is a convex
function then the next inequality holds.∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

|2t− 1|q dt
) 1

q
(
1

2

) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(3.11)

2. Setting h(t) = 1 in the Theorem 3.2 gets the next Corollary.

Corollary 3.5. Let p, q > 1 where 1
p
+ 1

q
= 1 and f : I◦ → R be a differen-

tiable function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is P -functions
then the following inequality holds.∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

|2t− 1|q dt
) 1

q [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(3.12)
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3. Taking h(t) = ts in the Theorem 3.2 yields the next Corollary.

Corollary 3.6. Let p, q > 1 where 1
p
+ 1

q
= 1 and f : I◦ → R be a differ-

entiable function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is s-convex
function then∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

|2t− 1|q dt
) 1

q
(
1

2

) s
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(3.13)

3.5 Bullen inequality with k-lipschizian functions
Theorem 3.3. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦ and
f ′ ∈ L1([a, b]). If f ′ is a k-Lipchizian, then∣∣∣∣12

[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ k(b− a)2

32
.

Proof. Using the absulute value of the identity (3.2) gets∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=

∣∣∣∣b− a8

∫ 1

0

(2t− 1)

[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|

×
∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣ dt,
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since f ′ is a k-Lipchizian functions then∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ k(b− a)

8

∫ 1

0

|2t− 1|

×
∣∣∣∣(1− t

2

)
a+

(
1 + t

2

)
b−

(
1 + t

2

)
a−

(
1− t
2

)
b

∣∣∣∣ dt
=
k(b− a)

8

∫ 1

0

|2t− 1| |(b− a)t| dt

=
k(b− a)2

8

∫ 1

0

t |2t− 1| dt

=
k (b− a)2

32
.

Because

| 2t− 1 | =


2t− 1, t ∈

[
1
2
, 1
]

−2t+ 1, t ∈
[
0, 1

2

]
,

(3.14)

then ∫ 1

0

t |(2t− 1)| dt =

∫ 1
2

0

(−2t2 + t)dt+

∫ 1

1
2

(2t2 − t)dt

=

[
−2

3
t3 +

1

2
t2
] 1

2

0

+

[
2

3
t3 − 1

2
t2
]1

1
2

=
1

4
.

3.6 Bullen inequality involving bounded functions
Theorem 3.4. Let −∞ < m < M < +∞, f ∈ C1([a, b]).

If m ≤ f ′(t) ≤M , then∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ (b− a)(M −m)

16
.
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Proof. Using the absulute value of identity (3.2) gives∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=
b− a
8

∣∣∣∣∫ 1

0

(2t− 1)

×
[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|

×
∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣ dt
=
b− a
8

∫ 1

0

|2t− 1| ×
∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− M +m

2

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
+
M +m

2

∣∣∣∣ dt
=
b− a
8

∫ 1

0

|2t− 1| ×
∣∣∣∣[f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− M +m

2

]

−
[
f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
− M +m

2

]∣∣∣∣ dt
≤ b− a

8

∫ 1

0

|2t− 1|
[∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− M +m

2

∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)
− M +m

2

∣∣∣∣] dt.
For all t ∈ [0, 1], we have

m ≤ f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
≤M,

then

m− M +m

2
≤ f ′

((
1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2
≤M − M +m

2
,
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hence

−M −m
2

≤ f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2
≤ M −m

2
,

witch give ∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2

∣∣∣∣ ≤ M −m
2

.

Similary ∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)
− M +m

2

∣∣∣∣ ≤ M −m
2

.

Consequently, using (3.6) gives∣∣∣∣12
[
f(a) + f(b)

2
+ f

(
a+ b

2

)]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

8

∫ 1

0

|2t− 1|
[
M −m

2
+
M −m

2

]
dt

=
(b− a)(M −m)

8

∫ 1

0

|2t− 1| dt

=
(b− a)(M −m)

16
.
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Chapter 4

Milne inequality

4.1 Introduction
Milne’s inequality originates from work by Edward Arthur Milne (1896-1950), a
Brithish astrophysicist and mathematician. The Milne’s estimation is presnted as
follows.

1

b− a

∫ b

a

f(t)dt ≈ 1

3

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
.

For additional details on Milne’s inequality, refer to [20], [21], [22], and [23].

4.2 Basic identity
Let I◦ ⊂ R be an open interval, with a and b as real numbers such that [a, b] ⊂ I◦.

Lemma 4.1. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦. If
f ′ ∈ L1([a, b]), then

1

3

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt =

b− a
4

∫ 1

0

(
t+

1

3

)[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)]
dt.

(4.1)

Proof. Let f : I◦ → R be a differentiable function on I◦ with [a, b] ⊂ I◦ and
f ′ ∈ L[a, b]. taking

J1 =

∫ 1

0

(
t+

1

3

)
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
dt,
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and

J2 =

∫ 1

0

(
t+

1

3

)
f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
dt.

Applying the integration by parts, we deduce
µ(t) = t+ 1

3

η′(t) = f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
,

then 
µ′(t) = 1

η(t) =
2

b− a
f

((
1− t
2

)
a+

(
1 + t

2

)
b

)
.

We get

∫ 1

0

µ(t)η′(t)dt = [µ(t)η(t)]10 −
∫ 1

0

µ′(t)η(t)dt

=
2

b− a

[(
t+

1

3

)
f

((
1− t
2

)
a+

(
1 + t

2
b

))]1
0

− 2

b− a

∫ 1

0

f

((
1− t
2

)
a+

(
1 + t

2

)
b

)
dt

=
2

b− a

[
4

3
f(b)− 1

3
f

(
a+ b

2

)]
− 2

b− a

∫ 1

0

f

((
1− t
2

)
a+

(
1 + t

2

)
b

)
dt.

Utilizing the change of variable x = 1−t
2
a+ 1+t

2
b = b−a

2
t+ a+b

2
yields

dx = b−a
2
dt ⇒ dt = 2

b−adx

t = 0⇒ x = a+b
2

and t = 1⇒ x = b,

therefore

J1 =
2

b− a

[
4

3
f(b)− 1

3
f

(
a+ b

2

)]
− 4

(b− a)2

∫ b

a+b
2

f(x)dx. (4.2)
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Similarly, for the second integral

J2 =

∫ 1

0

(
t+

1

3

)
f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
dt,

we use 
µ(t) = t+ 1

3

η′(t) = f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
,

and 
µ′(t) = 1

η(t) = − 2

b− a
f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
,

then

J2 =

∫ 1

0

(
t+

1

3

)
f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
dt

= − 2

b− a

[(
t+

1

3

)
f

((
1 + t

2

)
a+

(
1− t
2

)
b

)]1
0

+
2

b− a

∫ 1

0

f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
dt

= − 2

b− a

[
4

3
f(a)− 1

3
f

(
a+ b

2

)]
+

2

b− a

∫ 1

0

f

((
1 + t

2

)
a+

(
1− t
2

)
b

)
dt.

Changing the variable x =
(
1+t
2

)
a+

(
1−t
2

)
b = −

(
b−a
2

)
t+ a+b

2
gives

dx = − b−a
2
dt ⇒ dt = − 2

b−adx

t = 0⇒ x = a+b
2

and t = 1⇒ x = a,

then

J2 = −
2

b− a

[
4

3
f(a)− 1

3
f

(
a+ b

2

)]
− 4

(b− a)2

∫ a+b
2

a

f(x)dx. (4.3)
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Consequently, from the equalities (4.2) and (4.3), the following equality holds

J1 − J2 =
2

b− a

[
4

3
f(b)− 1

3
f

(
a+ b

2

)
+

4

3
f(a)− 1

3
f

(
a+ b

2

)]

− 4

(b− a)2

[∫ b

a

f(t)dt

]

=
2

b− a

[
4

3
f(a) +

4

3
f(b)− 2

3
f

(
a+ b

2

)]
− 4

(b− a)2

∫ b

a

f(t)dt

=
4

b− a

[
2

3
f (a) +

2

3
f(b)− 1

3
f

(
a+ b

2

)]
− 4

(b− a)2

∫ b

a

f(t)dt,

multiplying the above equality by b−a
4

gives

1

3

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt =
b− a
4

[J1 − J2] .

Hence, we get the desired equality (4.1).

4.3 Milne inequality using h-convex functions
Theorem 4.1. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦, and
f ′ ∈ L1([a, b]). If | f ′ | is an h-convex function, then the following inequality holds.∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 5(b− a)

12
h

(
1

2

)
[|f ′(a)|+ |f ′(b)|] .

(4.4)
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Proof. Using the absolute value on the identity (4.1), we obtain∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=

∣∣∣∣b− a4

∫ 1

0

(
t+

1

3

)[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt.
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Given that |f ′| is an h-convex function, we result∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [h(1− t
2

)
|f ′(a)|+ h

(
1 + t

2

)
|f ′(b)|

+h

(
1 + t

2

)
|f ′(a)|+ h

(
1− t
2

)
|f ′(b)|

]
dt

=
b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [(h(1− t
2

)
+ h

(
1 + t

2

))
|f ′(a)|

+

(
h

(
1− t
2

)
+ h

(
1 + t

2

))
|f ′(b)|

]
dt

=
b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [(h(1− t
2

)
+ h

(
1 + t

2

))
(|f ′(a)|+ |f ′(b)|)

]
dt.

Since h is a B-function, we get∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [(h(1− t
2

)
+ h

(
1 + t

2

))
(|f ′(a)|+ |f ′(b)|)

]
dt

≤ b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ 2h(1

2

)
(|f ′(a)|+ |f ′(b)|) dt

=
b− a
2

h

(
1

2

)
[|f ′(a)|+ |f ′(b)|]

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ dt.
We have
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∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ dt = ∫ 1

0

(
t+

1

3

)
dt =

[
t2

2
+

1

3
t

]1
0

=
5

6
. (4.5)

Hence ∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 5(b− a)

12
h

(
1

2

)
[|f ′(a)|+ |f ′(b)|] .

This gives as the desired result.

Now, we present some special cases over the convexity.

1. Putting h(t) = t in the Theorem 4.1 gives the following Corollary.

Corollary 4.1. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦,
and f ′ ∈ L1([a, b]). If | f ′ | is a convex function, then the next inequality
holds. ∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 5(b− a)

24
[|f ′(a)|+ |f ′(b)|] .

(4.6)

2. Setting h(t) = 1 in the Theorem 4.1 gets the next Corollary.

Corollary 4.2. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦,
and f ′ ∈ L1([a, b]). If | f ′ | is P -functions, then the following inequality
holds. ∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 5(b− a)

12
[|f ′(a)|+ |f ′(b)|] .

(4.7)

3. Taking h(t) = ts in the Theorem 4.1 yields the next Corollary.

Corollary 4.3. Let f : I◦ → R be a differentiable function, with [a, b] ⊂ I◦,
and f ′ ∈ L1([a, b]). If | f ′ | is an s-convex function, then∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ 5(b− a)

12 · 2s
[|f ′(a)|+ |f ′(b)|] .

(4.8)
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4.4 Milne inequality via Hölder inequality
Theorem 4.2. Let p, q > 1 where 1

p
+ 1

q
= 1 and f : I◦ → R be a differentiable

function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is h-convex function then
the next inequality holds.∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q
(
h

(
1

2

)) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(4.9)

Proof. Using the absolute value on the identity (4.1), we result∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=

∣∣∣∣b− a4

∫ 1

0

(
t+

1

3

)[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ [∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣] dt
=
b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ ∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣ dt
+
b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ ∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣ dt.
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Using Hölder’s inequality gives∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

·
(∫ 1

0

∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p dt)
1
p

+
b− a
4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

·
(∫ 1

0

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p dt)
1
p

=
b− a
4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

[(∫ 1

0

∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p dt)
1
p

+

(∫ 1

0

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p dt)
1
p

]
.

Since, for A,B > 0, α > 0

min
(
1, 21−α

)
(A+B)α ≤ Aα +Bα ≤ max

(
1, 21−α

)
(A+B)α ,

by taking

A =

(∫ 1

0

∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p dt)

B =

(∫ 1

0

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p dt) ,
and for α = 1

p
, we get

A
1
p +B

1
p ≤ 21−

1
p (A+B)

1
p .

Therefore∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

21−
1
p

×
{∫ 1

0

[∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p + ∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p] dt}
1
p

.
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Given that | f ′ |p is an h-convex function, we result∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)∣∣∣∣p ≤ h

(
1− t
2

)
|f ′(a)|p + h

(
1 + t

2

)
|f ′(b)|p ,

and∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣p ≤ h

(
1 + t

2

)
|f ′(a)|p + h

(
1− t
2

)
|f ′(b)|p ,

then ∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

21−
1
p

×
{∫ 1

0

[
h

(
1 + t

2

)
+ h

(
1− t
2

)] [
|f ′(a)|p + |f ′(b)|p

]
dt

} 1
p

.

Assumption h is a B-function, we obtain∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

21−
1
p

{∫ 1

0

2h

(
1

2

)[
|f ′(a)|p + |f ′(b)|p

]
dt

} 1
p

=
b− a
4

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q

21−
1
p · 2

1
p

(
h

(
1

2

)) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p

=
b− a
2

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q
(
h

(
1

2

)) 1
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

Now, we drive some specific cases over the convexity.

1. Putting h(t) = t in the Theorem 4.2 gives the following Corollary.

Corollary 4.4. Let p, q > 1 where 1
p
+ 1

q
= 1 and f : I◦ → R be a differ-

entiable function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is a convex
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function then the next inequality holds.∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

2

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q
[
|f ′(a)|p + |f ′(b)|p

2

] 1
p

.

(4.10)

2. Setting h(t) = 1 in the Theorem 4.2 gets the next Corollary.

Corollary 4.5. Let p, q > 1 where 1
p
+ 1

q
= 1 and f : I◦ → R be a differen-

tiable function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is P -functions
then ∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

2

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(4.11)

3. Taking h(t) = ts in the Theorem 4.2 yields the next Corollary.

Corollary 4.6. Let p, q > 1 where 1
p
+ 1

q
= 1 and f : I◦ → R be a differ-

entiable function, with [a, b] ⊂ I◦, and f ′ ∈ Lp([a, b]). If | f ′ |p is s-convex
function then the following inequality holds.∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

2

(∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣q dt)
1
q
(
1

2

) s
p [
|f ′(a)|p + |f ′(b)|p

] 1
p .

(4.12)

4.5 Milne inequality by k-lipschizian functions
Theorem 4.3. Let f : I◦ ⊂ R be a differentiable function, with [a, b] ⊂ I◦ and
f ′ ∈ L1([a, b]). If f ′ is a k-Lipchizian, then∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ k(b− a)2

8
.
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Proof. Using the absulute value of the identity (4.1) gets∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=

∣∣∣∣b− a4

∫ 1

0

(
t+

1

3

)[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣
×
∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣ dt,
since f ′ is a k-Lipchizian, then∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ k(b− a)

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣
×
∣∣∣∣(1− t

2

)
a+

(
1 + t

2

)
b−

(
1 + t

2

)
a−

(
1− t
2

)
b

∣∣∣∣ dt
=
k(b− a)

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣ |(b− a)t| dt
=
k(b− a)2

4

∫ 1

0

t

∣∣∣∣t+ 1

3

∣∣∣∣ dt
=
k(b− a)2

4

∫ 1

0

t

(
t+

1

3

)
dt =

k (b− a)2

8
.

Because ∫ 1

0

t

(
t+

1

3

)
dt =

∫ 1

0

(
t2 +

1

3
t

)
dt =

[
t3

3
+

1

6
t2
]1
0

=
1

2
.
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4.6 Milne inequality with bounded functions
Theorem 4.4. Let −∞ < m < M < +∞ and f ∈ C1([a, b]). If m ≤ f ′(t) ≤ M ,
then∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣ ≤ 5(b− a)(M −m)

24
.

Proof. Using the absulute value of identity
Gives:∣∣∣∣13

[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
=
b− a
4

∣∣∣∣∫ 1

0

(
t+

1

3

)

×
[
f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)]
dt

∣∣∣∣
≤ b− a

4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣
×
∣∣∣∣f ′((1− t

2

)
a+

(
1 + t

2

)
b

)
− f ′

((
1 + t

2

)
a+

(
1− t
2

)
b

)∣∣∣∣ dt
=
b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣× ∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2

−f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
+
M +m

2

∣∣∣∣ dt
=
b− a
4

∫ 1

0

∣∣∣∣t+ 1

3

∣∣∣∣× ∣∣∣∣[f ′((1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2

]

−
[
f ′
((

1 + t

2

)
a+

(
1− t
2

)
b

)
− M +m

2

]∣∣∣∣ dt,
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then ∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

∫ 1

0

(
t+

1

3

)[∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2

∣∣∣∣
+

∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)
− M +m

2

∣∣∣∣] dt.
For all t ∈ [0, 1], we have

m ≤ f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
≤M,

hence

m− M +m

2
≤ f ′

((
1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2
≤M − M +m

2
,

thus

−M −m
2

≤ f ′
((

1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2
≤ M −m

2
,

witch give ∣∣∣∣f ′((1− t
2

)
a+

(
1 + t

2

)
b

)
− M +m

2

∣∣∣∣ ≤ M −m
2

.

In the same way∣∣∣∣f ′((1 + t

2

)
a+

(
1− t
2

)
b

)
− M +m

2

∣∣∣∣ ≤ M −m
2

.

Therefore, applying (4.5) gives∣∣∣∣13
[
2f(a)− f

(
a+ b

2

)
+ 2f(b)

]
− 1

b− a

∫ b

a

f(t)dt

∣∣∣∣
≤ b− a

4

∫ 1

0

(
t+

1

3

)[
M −m

2
+
M −m

2

]
dt

=
(b− a)(M −m)

4

∫ 1

0

(
t+

1

3

)
dt

=
5(b− a)(M −m)

24
.
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