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INTRODUCTION

The objective of this work is to present some results from international scientific
articles on Bullen and Milne inequalities. All integral inequalities are considered
in the Lebesgue space L,, where p > 1. The techniques used are the properties of
integral calculus, integration by parts, convex function, k-Lipschitzian functions
and bounded functions.

This memory is composed of four chapters.

In the first chapter (titled Preliminary), we provide notations and defini-

tions for

1. LP functions, k-Lipschitzian functions, bounded functions, Holder’s inequal-
ity.

2. Convex functions, specific cases of convexity: s-convex functions, P-convex
functions and Godunova-levin functions.

3. h-convex function, specific cases of h-convexity.

4. B-function and special cases.

The second chapter is devoted to a result on Hermite-Hadamard inequality.
We give the two versions on Hermite-Hadamard inequality via convex functions



and Hermite-Hadamard inequality via h-convex functions.

In the third chapter, we present results related to Bullen inequality via h-
convex functions, Holder inequality, k-lipschitzian functions and bounded functions

In the fourth chapter, we study results related to Milne inequality via h-
convex functions, Holder inequality, k-lipschitzian functions and bounded functions



Chapter 1

Preliminary

1.1 Special sets of functions

1.1.1 P functions

Definition 1.1. Let co < a < b < +oo and 1 < p < +oo The space L*([a,b]) is
the classes of real functions f measurable such that

b
/ | f(t) P dt < .

£, = (/ F) dt);.

1.1.2 k-Lipschitzian functions

The norme s defined by :

Definition 1.2. Let I C R, k € R and f : I — R be a real function. We say
that f is k-Lipschitzian on I, if for all x,y € 1

| @)= f) I<klz—yl.

1.1.3 Bounded functions

Let I C R and f: I — R be a real function. We say that f is bounded on I, if
there exist m, M € R such that for all x € I:

m < f(z) < M.
The caractiristic form of bounded function is: there exist C' > 0 such that

Veel:| f(x) |<C.



1.2 Integral inequalities :

1.2.1 Holder’s inequality:
Let p, ¢ > 1 where %—l— % =1, and f € L?([a,b]), g € L([a,b]) then

[1setoniens ([ 1s0r d””)é ([ 19 lq); |

Weighted Hélder’s inequality (power mean inequality)

Let p > 1, f € LP(]a,b]) and w be a weighted function (positive and measurable

function) then
3/ b 7
( / w(w)lfp(wﬂdw)

/ “w(@) | f(2) | de < (/ bw(w)dx)

Proof. Applying the Holder’s inequality for p > 1 gets

1—

/abw(x) | f(z) | de = /ab (wé(:c)w%(g;)) () | de
(/ (wéwqu); ( / (v If(w)|pdx))
= (/abw(ac)dac)l_1

B =

IN

([ dx)’l’

Integral by parts

Let [a,b] C R and u, v be a two function of class C!([a, b]) :

Change of variables:

Let [a,b] C R and ¢ be a function of class C'([a,b]) and f a continuous function

on ¢([a,b]), then
e(b)

f(z)dx.
p(a)

b
/ F(o(t) g (B)dt =

7



If ¢ is bijective mapping: [a,b] — ¢([a,b]), then

b e (b)
[ s@ae= " rewyp o

~1(a)

1.3 Convex functions

Convexity theory offers powerful processes and notions for dealing with a wide
range of pure and applied mathematics problems. Convex functions have been used
in various mathematical disciplines, leading to new discovery of many inequalities
in the literature.

Definition 1.3. The function: f : 1 C R — R is said convex if for all x,y € 1
and all a, B > 0 such that o+ 5 =1 we have:

flaz+By) < af(z)+ B f(y). (1.1)

f is said concave function if (—f) is a convex function.

There is other type of formulations, such that for all a,b € T and all ¢ € [0, 1]

flta+ (1 —1)b) <tf(a)+ (1 —1)f(b), (1.2)

and



Graphical interpretation

t(z)+ (1= ) (y)

fltz+(1-t)y)

I tr4(l-tly ¥
Figure 1.1: graph 1

For any two points M (z, f(z)) and N(y, f(y)) on the graph, the segment [M N|
appears on this graph.

1.4 Specific cases of convexity

1.4.1 s-convex functions

Definition 1.4. [1] Let s € (0,1]. A function f : T C R — R is said to be s-convex
in the second sense if:

flta+ (1 —=1)b) <t°f(a) + (1 = 1)°f (D),
for all a,b € R and t € [0,1] .

Definition 1.5. Let s € (0,1]. A function f : 1 C R — R is said to be s-convex
in the first sense if:

flta+ (1 —1)b) < f(a) + (1 =) f(b),

9



for all a,b € R and t € [0,1] .

Remark 1.1. For s = 1, the s-convexity becomes the classical convexity.

1.4.2 P-functions

Definition 1.6. /2, 3/ We say that f : I C R — R is a P-functions, or that f
belongs to the class P(I), if for all a,b € I, t € [0, 1], we have

flta+ (1 =1)b) < fa) + f(b).

1.4.3 Godunova-levin functions

Definition 1.7. [4] We say that f : 1 C R — R is a Godunova-Levin function, or
that f belongs to the class o(I) if for all a,b € I and t € (0,1),

f@) | @)

flta+ (1-10h) < =2+ .

1.5 h-convex functions

Definition 1.8. [5/ Let h : J C R — R,where (0.1) C J be a positive function.
We say that f : 1T C R — R is an h-convez function, if for all a,b € I and t € [0, 1]
we have

Flta+ (1 —£)b) < h(t)f(a) + h(1 — ) f(b). (1.5)

If the inequality (1.5) is reversed, then f is called h-concave function .

1.5.1 Special cases of h-convexity
1. If h(t) = t, the definition reduces to classical convexity .
flta+ (L=1)b) < tf(a)+ (1 —1)f(b).

2. If h(t) = t* where s € (0, 1], the definition reduces to s-convex functions in
the second sense.

fta+ (1 —1)b) <t°f(a)+ (1 —1)°f(D).
3. If h(t) = 1, the definition reduces to Godunova-Levin function with ¢ € (0, 1).

f@+ﬂ—ﬂw§%ﬂ+§%.

4. If h(t) = 1, the definition reduces to class P-functions.
flta+ (1 —=1)b) < f(a) + f(b).

10



1.6 B-function

Recently, in [6]-[7] the authors presented a new class of functions called B-function
defined as:

Definition 1.9. Let g : [0,00) — R be a non-negative function. The function g is
called a B-function if

oo =)+ g0 ) < 29 (57 (16)

where a < x < b with a,b € [0, 00).

If the inequality (1.6) is reversed, g is called A-function, or that g belongs to
the class A(a,b).
If we have equality in (1.6), g is called AB-function, or that g belongs to the class
AB(a,b).

Proposition 1.1. Let h: (0,1) — R be a positive function. The function h is a
B-function, if only if we have: for all X\ € (0,1)

h(A) +h(1 =) < 2h (%) | (1.7)

Remark 1.2. There is other type of formulations, such that for all t € [0, 1]

h(%) +h<1—%> < 2h (%) (1.8)
h (#) +h (%) <2h (%) | (1.9)

1.6.1 Special cases

and

1 If h(t) = t, then h is AB-function, B-function and A-function.
2 If h(t) = 1, then h is AB-function, B-function and A-function.
3 If h(t) = t* with s € (0, 1], then h is B-function.

4 h(t) = ¢ with ¢ € (0,1), then h is A-function.

11



Proof. 1. Taking h(t) =t in the inequality (1.7) gets
t+(1—t)=1(his AB-function) = t+ (1 —t) <1 ( his B-function).
t+(1—t)=1(his AB-function) = t+ (1 —1t)>1 ( his A-function).
2. applying A(t) = 1 in the inequality (1.7) become
14+1=2( his AB-function) = 141 <2 ( his B-function).
1+1=2( his AB-function) = 141> 2 ( his A-function).

3. Putting h(t) = t* for s € (0, 1] in the inequality (1.7) yields
1 S
t$+(1—t)5§2<§> :

To proof the above result, we need the following famous inequality:
let a,b >0, p >0,

min(1,2°71) (a? +07) < (a + b)? < max(1,2P71) (a? + V7). (1.10)
The above inequalities (1.10) can be reformulated as follows:
min(1,2' ") (a + b)? < a” + b < max(1,2"7?)(a + b)". (1.11)
For 0 < p <1, we have
a? + b < 2'7P(a + b)?,
taking a =t,b=1—1t and p = s gives

ts _|_ (1 _ t)s S 2178’

t5+(1—t)5§2<%)s.

We deduce that h(t) = t° is a B-function.

thus

12



4. Setting h(t) = 1 with ¢ € (0,1) in the reverse inequality (1.7) gives

1 1
— 4+ —— > 4.
t+1—t_
For ¢t € (0, 1), we have
1 1 1 — 4t + 4t?
__|___4 -
t 11—t t(1—t)
1\2
INCE
t(l—t) —
then
1+ 1 >4
t 1—t—

It results that A is A-function.

13



Chapter 2

Hermite-Hadamard inequality

The Hermite-Hadamard inequality is a significant mathematical theorem that de-
termines the integral average value of a convex function over a designated interval.
The Hermite-Hadamard inequality (H.H in abbreviated form) is employed in re-
search pertaining to numerical integration, optimization, and it play an essential
role in convexity theory.

This inequality gives for convex function, an estimate of the integral mean
— f: f(z)dz in an interval [a,b] in relation to the average image f(%t%) and the

average of the images w

Regarding Hermite-Hadamard inequalities, please refer to the following refer-
ences: [6],|7], [8],19],]10], [11],[12] and [13].

2.1 Hermite-Hadamard inequality via convex func-
tion
In the following, a,b € R with a < b.

Theorem 2.1. Let f : [a,b] — R be a convex function ,then the following inequality

18 verified .
a+b 1 fla) + f(b)
f( 5 ) < b—a/a flx)dx < — (2.1)

Proof. Let x € [a, b], we have

a+b a b x =z
f( 2 ) - f(i*fa—i)




since x € [a, b], we get
a<zr<b = -b<-—-ax<-—qa
= a+b—bb<a+b—x<a+b—a
= a<a+b—x<b
= (a+b—x) € [a,b].

It is assumed that f is a convex function on [a, b], we deduce

f(a—;b) _ f(%(a—i-b—x)—i—%x)

< Slatb—2)+5f()

so we have

2 (“;b> < fla+b—2)+ f(2) (22)

Given that f is a convex function, putting = = ta + (1 — ¢)b for ¢ € [0, 1] gives
fla+b—2)+ f(z) = fla+b—ta—(1—1t)b)+ f(ta+ (1 —1)b)
= f(1—=t)a+tb)+ f(ta+ (1 —t)b)

< (I=0)f(a) +tf(0) +tf(a) + (1 =) f(b)

= fla)+ f(b),
hence
fla+b—z)+ f(z) < fla) + f(D). (2:3)
From (2.2) and (2.3), we deduce
2 (“57) < flat b=+ ) < (@) + 1O (2.4

Integrating over z € [a, b] the above inequality (2.4) yeilds

a+b

2<b—a>f( !

)g [ sarv-aars [ f@ar < 6-aG@+50). @5

15



Changing the variable s = (a + b — x), we have

[ aro-nie = [ rcas

= [ stas

- /abf(x)dx
/fa+b—xdx—/f (2.6)

Applying the equality (2.6) in the inequality (2.5) gives

we obtain

20 -0 (“50) <2 [ 1 < 0- 700 + 10

one devide by 2(b — a), we obtain

f(Hb) = bia/:f(x)dng

2 2 ’

wich gives the desired result. O]

2.2 Hermite-Hadamard inequality via h-convex func-
tions

This section presents a generalization of the previously mentioned Hermite-Hadamard

inequality using the h-convex functions. In the following a,b € R with a < b.

Theorem 2.2. Let h be a B-function and f : [a,b] — R be an h-convex function,
then the following inequalities hold

) _ 1 1
h () “h-a / f<l">dwéh(5) [f(@) + S (). (2.7)

Proof. Let x € [a, b], we have

a+b a b x =z
f( 2 ) - f(§+§+§—§>




since z € [a,b], (a+b—1x) € [a,b] and f is an h-convex function on [a, b], we obtain

f(“;b) _ f(%(a—i—b—x)—k%x)
_ h(%)f(aer—x)Jrh(%)f(x)

h (é) Fla+b— )+ f(2)],

IN

since h is a positive function, then
(%32
h(3)
Given f is an h-convex function, setting x = ta + (1 — ¢)b for ¢t € [0, 1] gets
fla+b—2x)+ f(x) fla+b—ta— (1 —1t)b)+ f(ta+ (1 —t)b)

< fla+b—x)+ f(x). (2.8)

= f((1—t)a+1tb)+ f(ta+ (1 —1t)b)

< h(L=1)f(a) + h(t)f(b) + h(t) f(a) + h(1 =) f(D)
= [(1 =1)+ h(@)]f(a) + [n(1 = 1) + h(D)]f (D)

= [p(1 = 1) + h(D)])(f(a) + £ (D).

Assuming that h is a B-function, we obtain

h(L— 1)+ h(O)(f(@) + FB)) < 2 (1) () + 1),

2
thus .
flat=o)+ () < 20 3) [0) + S0 (29)
From (2.8) and (2.9), we result
r(4) 1
O S erb-n @ < (3 Ve sl 210

Integrating the above inequality (2.10) over z € [a, b] results

a+b

(b— ) /fa+b—mdm—|—/ Fla)ds < (b —a)Qh( )[f( )+ F(b)],

17



by using the equality (2.6), we obtain
(b—a)—==+ h(l <2 f dx<(b—a)2h< )[f(a)—i—f(b)],
2

multiplaying the previously inequality by ylelds

2(b

) 1 !
(D) = G- / f(@)dr < h (5) [f(a) + £(b)].

wich gives the needed consequence (2.7).

]

Now, we will look at some particular cases of Hermite-Hadamard inequality

over convexity.

1. Putting h(t) =t in the Theorem 2.2 gives the following Corollary.

Corollary 2.1. Let f : [a,b] — R be a convex function, then the following

inequalities hold

(5t [ 11320

2. Setting h(t) =1 in the Theorem 2.2 gets the next Corollary.

Corollary 2.2. Let f : [a,b] — R be a P-functions, then the next inequalities

hold
f (27> <L / f(@)dz < [f(a) + FO)]

3. Taking h(t) = t* in the Theorem 2.2 yields the next Corollary.

Corollary 2.3. Let s € (0,1] and f : [a,b] — R be a s-convex function, then

fQ(S_%? < bia/abf(x)dx < (%) [f(a) + F(B)).

18



Chapter 3

Bullen inequality

3.1 Introduction

Bullen’s inequality originates from work by Peter Southcott Bullen (1928-2024),
a Brithish mathematician .

Explorations in numerical integration and the definition of error bounds are
critical in mathematical literature. Researchers have thoroughly investigated er-
ror boundaries for functions with variable differentiability, from once to many
times. The Bullen-type inequality is a significant mathematical tool for integral
estimate. The well-known Hermite-Hadamard inequality is stated as follows, for

convex function f:
b
f (“;b) < bia/ F#)dt < M (3.1)

In [14], Bullen improved the right side of (3.1) by the following inequality,
which is known as Bullen’s inequality:

/f [ ();f()ij(a;b)} Sf(a);f(b).

b—a

The estimation of Bullen is as follows.

b—a/f Dt ~ {(>2f()+f<a+b>}.

For more details regarding Bullen inequality, please consult the following ref-
erences: [15], [16],[17], [18] and [19].

19



3.2 Basic identity

Let I° C R be an open interval, with a and b as real numbers such that [a,b] C I°.

Lemma 3.1. Let f : I° — R be a differentiable function, with [a,b] C I°. If
[ € LY([a,b]), then

L[S0 ()] L

e Lo (7)o ()9 () ()]

Proof. Let f : I° — R be a differentiable function on I° with [a,b] C I° and
[’ € L[a,b]. Putting

e [ () o (12) ) an
I = /01(215 -1y ((#) a+ (?) b) dt.

By using the integration by parts, taking

and

Ut) =2t—1
o (5o (5)9)
then
U'(t) =2
=25+ (59
We get

20



/OIU(t)V’(t)dt = [U(t)V(t)]é—/OIU’(t)V(t)dt

- () ().
L) ()
o R () ()

We use the following change of variable z = %a + %b = b_T“t + “TH’, then

(o

dr = %“dt = dt= ﬁd:c

t:O:>x:“T+b and t=1= x =0,

therefore

I, = ﬁ {f(b) + f (a;rbﬂ B (b_8a)2 /; f(x)dz. (3.3)

Similarly, for the second integral

I, = /01(215— 1)/ ((?) a+ (%) b) dt,

. Uty =2t—1
o (5 (5))
then v s

21



hence

e [ or (55 as (559 a

(5 (599

e () (7))

N (G R T (CHRYCOIN
L b

We use the following change of variable x = (%t) a+ (%) = — (1’_7“) t+ aTer,
then

do = —2%dt = dt=—;2do

t=0=2=%" and t=1=z=aq,

2
then

a+b
2

Ih=—— [f(a) +f <a;b>} + (b_ga)Q /a2 f(a)dz. (3.4)

Consequently, from the equalities (3.3) and (3.4), the following equality holds

hi-1 = %{f(b)+f(a7+b>+f(a)+f(a;b)}
_(b—8a)2 [/ib f(t)dt+/a“2“’
- s ()] - i /abf(t)dt

- [0 (Y] B /abf(t)dt?

f(t)dt]

multiplying the above equality by b_T‘I gives

b
1 [f(a);f(b) +f (“T*b)] _ ﬁ/ f(t)dt =

Thus, we obtain the required equality (3.2). O

b—a
8

[Il — [2] .
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3.3 Bullen inequality via h-convex function

Theorem 3.1. Let f : I° — R be a differentiable function, with [a,b] C I°, and
€ LY([a,b]). If | f'| is an h-convex function, then the following inequality holds.

‘l[f(a)+f(b)+f(a+b)] ‘

2 2

b—a
<
- 8

) (g) 1£/ (@) + 17O,

Proof. Using the absolute value on the identity (3.2), we result

L ()]t f o
5 [ (5 (599
() ()
() (599
—ff<<%>a+<%>b>udt
()
e

b—a

()
Jo
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Since | f |= g is an h-convex function, we deduc

HW ( ) /f<\
é%“/ol'%—”'(( ) (1”) () ()]

Given that h is a B-function, then

0 (23] Lo

<2 L= [(n(450) + (559) 0r@n+ 1200 a

<250 [l v () 0@+ o a

= (5) @i+ [ -
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20—1 , tel3,1]

1-2t , telo, 2],

then X . X
RESIIE /0 (1-2t>dt+/é (2t — 1)dt
= [t—2+ [ -1,
! 1\ 1
o4 (_Z) T2
Hence . b b . ,
B ()] o
b—a 1 , ,
<250 (3) @i+ o
This gives as the desired result. O]

Now, we present some special cases over the convexity.
1. Putting h(t) =t in the Theorem 3.1 gives the following Corollary.

Corollary 3.1. Let f: I° — R be a differentiable function, with [a,b] C I°,
and f' € L'([a,b]). If | f' | is a convex function, then the next inequality

holds. ,
B{ﬂ@;f@+j(a;%]_bimlf@ﬁ‘

b—
<

(3.7)

C1f @)+ 1O

2. Setting h(t) = 1 in the Theorem 3.1 gets the next Corollary.

Corollary 3.2. Let f: I° — R be a differentiable function, with [a,b] C I°,
and " € L'([a,b]). If | f’| is P-functions, then

\ V s ()] - o

S0 @l+ 1))

(3.8)
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3. Taking h(t) = t* in the Theorem 3.1 yields the next Corollary.

Corollary 3.3. Letf : I° — R be a differentiable function, with [a,b] C I°,
and f' € L'([a,b)). If | f' | is an s-convexr function, then the following

[f(a);f(b) L (a—gb)] _ bia/abf(t)dt‘

b—a
8 .25

wnequality holds.

<

DO | —

(3.9)

[ (@) + 1))

3.4 Bullen inequality through Holder inequality

Theorem 3.2. Let p,q > 1 where }D + % =1and f : I° — R be a differentiable
function, with [a,b] C I°, and f" € LP([a,b]). If | f' |V is h-convex function then
the next inequality holds.

L0 (1)) /abf(t)dt’

2 2 2 b—a

<o </01\2t— 1\%); (h (%)) £ @P + 1 F )]

(3.10)

3=
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Proof. Using the absolute value on the identity (3.2), we result

ll[f(a)+f(b)+f<a+b }—bia/jﬂ”dt‘

2 2 2
1+t
—— b




Since, for a,b >0, a > 0

min (1,2'%) (a 4+ b)" < a® + b* < max (1,2"7%) (a + b)*,

by taking
! 1—t 1+t P
= ! — | b)| dt
= ([ ()= () )
! 1+t 1—t P
o /
() () ),
then for o=, we get
av + b5 <27 (a4 D)7
Therefore

‘%[MH(M)} b_a/f dt’
: (/01 12¢ - 1\th>;21_;
LI () (5

.
Given that | f' [P is an h-convex function, we result
r((F) e+ (52))] < (55 war-n (S o,
r((5) e ((52))] e () w@r=n (S5 o,
[ (5] o [
b_a(/ |2t—1|th) ,
A [(”’?”L(Z )} o +isorlay

and

| /\

then

N | —

'U»—‘

|—



Assumption h is a B-function, we obtain

B V(a);f(b) ‘g <a+b>]

ey
(/ 2t — 1|th); 21 {/01 oh (%) (17 @ + | ()] dt}’l’

b”(/ |2t—1|th> 2~ b (h(%));[|f’(a)|p+|f’(b)|p}
([ roe-aar)” (h<—>);[|f()lp+|f()|]

Now, we derive some specific cases over the convexity.

3 =

b—a
4

B =

1. Putting h(t) =t in the Theorem 3.2 gives the following Corollary.

Corollary 3.4. Let p,q > 1 where % —l—% =1and f: I° — R be a differ-
entiable function, with [a,b] C I°, and f" € LP([a,b]). If | f'|P is a convex
function then the next inequality holds.

B0 (23] -2 e

SRS 1|th); (%) 1P @P + o))

2. Setting h(t) = 1 in the Theorem 3.2 gets the next Corollary.

(3.11)

Corollary 3.5. Let p,q > 1 where % + % =1and f: I°— R be a differen-
tiable function, with [a,b] C I°, and f" € LP([a,b]). If | f' |P is P-functions
then the following inequality holds.

i) ol e

([ arar) @ o

(3.12)

hSAl
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3. Taking h(t) = t* in the Theorem 3.2 yields the next Corollary.

Corollary 3.6. Let p,q > 1 where 119 —1—5 =1and f: I° — R be a differ-
entiable function, with [a,b] C I°, and f' € LP([a,b]). If | f'|P is s-convex
function then

L (0] [ o

<2 ([ uth)é (%) 1@ + 17 6P

3.5 Bullen inequality with k-lipschizian functions

(3.13)

Theorem 3.3. Let f : I° — R be a differentiable function, with [a,b] C I° and
€ LY([a,b]). If f' is a k-Lipchizian, then

B0 (1) - L f o<

Proof. Using the absulute value of the identity (3.2) gets

HECEY ST R, I Ryt
-5 [l ()« (5))
- () (7))

b— 1
i D
0

() () (5 (7))

<

30



since f’ is a k-Lipchizian functions then

b0 ()] 2 o

o 1
iU a)/ % 1]
8 0

Lt a+ Lt b— Lt a— ot b| dt
2 2 2 2
k(b—a) (!
=200 2t — 1) |(b - a)t| dt
8 Jo
k(b—a)? !
_Hkb=a) /ty2t—1ydt
8 0

k(b—a)
32

2t —1, te[3,1]
|2t —1] = (3.14)

—2t+1, tel0,i],

X

Because

then

1

/01t|(2t—1)|dt - /02(—2t2+t)dt+[(2t2—t)dt

2

1 1

2 1,02 [2 1 1

= |- 4 =t S | ==,
[ 50 T3 L+[3 2 |1

3.6 Bullen inequality involving bounded functions

Theorem 3.4. Let —oo <m < M < +oo, f € Cl([a,b]).

Ifm < f'(t) < M, then

LI (1)) L ] < S0 m)
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Proof. Using the absulute value of identity (3.2) gives

)
=t e
(%) (59 - ()= (%))

() (599 (3 (2

() (5925

()29
() ()25

)22

() (3992

() (7)) 252
|

For all t € [0, 1], we have
1-— 1
2 2
then

m—M;rmgf’((lgt)aqt(l;t)b)—M+m§M—M;Fm

X

+m

K

+
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hence

witch give

Similary

Consequently, using (3.6) gives

'% [f@;f(bhf(a;b)] —bia/abf(t)dt‘

b—a [! M — M —
< a/|2t—1|[ L m]dt
0

- 8 2 2
_ (b_a)(SM_m)/Ol]%—lldt
_ (b—a)(M —m)

16 ’
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Chapter 4

Milne inequality

4.1 Introduction

Milne’s inequality originates from work by Edward Arthur Milne (1896-1950), a
Brithish astrophysicist and mathematician. The Milne’s estimation is presnted as

follows. b i : /abf(t)dt N % [Qf(a) g (a -QF b) I 2f(b):| :

For additional details on Milne’s inequality, refer to [20], [21], [22], and [23].

4.2 Basic identity

Let I° C R be an open interval, with a and b as real numbers such that [a,b] C I°.

Lemma 4.1. Let f : I° — R be a differentiable function, with [a,b] C I°. If
[ € LY([a,b]), then

3 =1 (50 2sw] - o [ o -

L ) (390 (30 ()

(4.1)

Proof. Let f : I° — R be a differentiable function on I° with [a,b] C I° and
[ € Lla,b]. taking

[ (e (2
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e [ () (2 (59

Applying the integration by parts, we deduce

pt) =t+3
o -1 ((59e+ ()
then
w(t) =1
o0 =21 () e+ (F4))
We get

Eo))
L5 (5
YR (59

b—ay
2

Utilizing the change of variable x = Sta + th = yields

dx = Sedt = dt = 2dx

—a

@‘

t:O:>x:“T+b and t=1= x =0,

h= [§f<b> - f ( : b)} - ﬁ /b f@)de.  (42)

35
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Similarly, for the second integral

[ () ()

we use
plt) =t+3
o = (57 (57)1):
and
) =1
then

2 [4 1.[a+b 2 1 1+t 1—t
:—b_a{gf@—éf > }er—a/of((T)aJr(T)b)dt'

Changing the variable x = (%) a+ (5) b=— (b’—“) t+ “TH’ gives

then
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Consequently, from the equalities (4.2) and (4.3), the following equality holds

J—Jy = bfa [%f( )__f(a+b)+§f( )__f(a+b)1
[ [ o]
N e e ey e

- L :gf(a)+§f(b) - (‘“2”))} - ﬁ/ﬂbﬂwdt

multiplying the above equality by 4 gives

5 2@ () 2] - o [ o

Hence, we get the desired equality (4.1). O

[ — Jo].

4.3 Milne inequality using h-convex functions

Theorem 4.1. Let f : I° — R be a differentiable function, with [a,b] C I°, and
'€ LY ([a,b]). If | f'| is an h-convex function, then the following inequality holds.

se=s (557) 0] 55 s
<202 () @i+ 1o,

(4.4)
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Proof. Using the absolute value on the identity (4.1), we obtai

b= (52 o] 0w

LD () (39

(5 (5]

e [l () ()9
(5 ()]

e [l () ()9
() ()]
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Given that |f’| is an h-convex function, we result

o e o] L o
2 [ () (599
\f (--Cl
),
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1 1 1 2 11" 5
t+ =~ |dt = t+—)dt=|=+-t] =2, 45
+3' /0(+3) {2+3]0 6 45)

Hence
s fro=r(5) o] -2 v
5(b—a) 1 , ,
<2020 () @i+ 7o,
This gives as the desired result. O

Now, we present some special cases over the convexity.
1. Putting h(t) = ¢ in the Theorem 4.1 gives the following Corollary.

Corollary 4.1. Let f: I° — R be a differentiable function, with [a,b] C I°,
and " € L'([a,b]). If | f' | is a convexr function, then the next inequality

holds.
i pro -1 (552) varo] - 52 [ o

5(b—a)

(4.6)

<

1 ()l + 1))

2. Setting h(t) =1 in the Theorem 4.1 gets the next Corollary.

Corollary 4.2. Let f: I° — R be a differentiable function, with [a,b] C I°,
and f' € L'([a,b]). If | f' | is P-functions, then the following inequality

holds. )
1 a—+
3 pro-1(55) 2r0] -5 [ row

5b—a) . ,
< =4 @+l

3. Taking h(t) = t* in the Theorem 4.1 yields the next Corollary.

Corollary 4.3. Let f: I° — R be a differentiable function, with [a,b] C I°,
and f' € LY([a,b]). If| f'| is an s-convex function, then

() o] -y f o

_ 50 -a)
- 12.2s

(4.7)

(4.8)

1 () + 1/ ()]
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4.4 Milne inequality via Holder inequality

Theorem 4.2. Let p,q > 1 where 1194— % =1 and f : I° = R be a differentiable
function, with [a,b] C I°, and " € LP([a,b]). If | f' |V is h-convex function then
the next inequality holds.

3 2@ -1 (50) + 2] - 2 /f i
< ([ lth); (h(%));[If’(a)l”+|f’(b)l”} -

3
Proof. Using the absolute value on the identity (4.1), we result

b (52 ]2 10w
L ()05
() (599

22 [l ()09
(9 (99

2 [l () (1))
LAl ) (7))

(4.9)

hSA

t+

L+ =
+3

|

t—i—l
3
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Using Holder’s inequality gives

o= (52) var0] - 25 [ 1o
<2 ([ g ([ (5o (590
A (Lt (L (5 (5
(L el [ () (59 2) )
Lo ()]
e b ey
= ([ (5= (59)0)[ )
o= ([ (5 (59)9) )

and for a = %, we get

RS =

t+

5

t+

t+

by taking

A + By <275 (A4 B)» .

Therefore

Lo (22 0] 1w
oo ([ ) e
L) ()

t+

() ()
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Given that | f' |? is an h-convex function, we result
() e+ (B9)0)] <o (555 rar«w (S 1w
P((5) e (559 0) <0 (B e+ (S50 1w,
(52 ]
U s
S () (5] v+ e dt};

Assumption h is a B-function, we obtain

o (£2) 0] -2y f o

and

| /\

then

t—i—l
3

b (/01 i+ th)§21_; {/OIZh (%) 17 @ + f O] dt};
S ([ e th)‘l’zl—; 25 (n (%)) 1 (@P + 17 O]
452 ([e+3f ) (-(2)) weor o

Now, we drive some specific cases over the convexity:.

1. Putting h(t) =t in the Theorem 4.2 gives the following Corollary.
Corollary 4.4. Let p,q > 1 where % +% =1and f: I°— R be a differ-
entiable function, with [a,b] C I°, and f" € LP([a,b]). If | f'|P is a convex
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function then the next inequality holds.

=1 (57) sor0] -2 [ 0
Sb;a( / dt) [|f’( >V’+|f'<b>rp]i

2
2. Setting h(t) = 1 in the Theorem 4.2 gets the next Corollary.

(4.10)

t
+3

Corollary 4.5. Let p,q > 1 where % + é =1and f:1°— R be a differen-
tiable function, with [a,b] C I°, and f" € LP([a,b]). If | f' |P is P-functions

then
3 - () o) - | bf(t)dt‘

b—a(/l
<
< i

3. Taking h(t) = t* in the Theorem 4.2 yields the next Corollary.

(4.11)

1q
t+ -
3

dt) "R @P O]

Corollary 4.6. Let p,q > 1 where 119 —1—5 =1and f: I° — R be a differ-
entiable function, with [a,b] C I°, and f' € LP([a,b]). If | f' |P is s-convex
function then the following inequality holds.

5 [0 r("5) ) - 52 L i
<22 ([ th)é (3) trar+iror)

4.5 Milne inequality by k-lipschizian functions

(4.12)

t—i—l
3

D=

Theorem 4.3. Let f : I° C R be a differentiable function, with [a,b] C I° and
€ LY([a,b]). If f' is a k-Lipchizian, then

H%(a)—f(“;b)Hf ] /f dt‘ hb—a)®
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Proof. Using the absulute value of the identity (4.1) gets

3 =g (M57) v2r0] 2 [ roa
-7 () [ () e (57))
() (7))

() (599 (£)ee (5o

since f’ is a k-Lipchizian, then

E [2f<a> .y (jb) ; 2f<b>} - bf(t)dt‘
Skgzwll
() () () (e
:kw;axélt+
_ k(b;a)z /Olt

_ 2 ol N2
_ ko a)/tt+1 gp = B =a)
4 0 3 8
1 1 1 1 B 1.1 1
/t t+=)dt = / 24+ =t )dt = + 2| ==,
0 3 0 3 376 ], 2

45

t+1
3

X

1
g‘ (b — a)t| dt

1
t+ —|dt
+4]

Because



4.6 Milne inequality with bounded functions

Theorem 4.4. Let —o0o < m < M < +oo and f € C([a,b]). If m < f'(t) < M,

then
1 a+b 5(b—a)(M —m)
-2 — 2 :
o= (55 voro] - 52 [y <2055

Proof. Using the absulute value of identity

Gives:

g o (U5) var] - 52 [ roud
= ()
< ((F)er (5)0) - (5 e (57) )]

() (509 () ()
2 [l b (5 ()2
() (7)) 2

2 [ () () 2
() (599257

L+ =
+3

|

t—i—l
3

X
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then

3 - () o] - 1 [ oan
< [ (=3) [ () (5)0) - 25
() (7)) 132

For all ¢t € [0, 1], we have
1—1¢ 1+1¢
2 2
hence

M+m (1= 14+t M+ m M+m
_ < - — <M -

thus

witch give
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