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Introduction

Mathematics has witnessed significant developments in representing
information and knowledge, especially when dealing with imprecise or uncer-

tain data.

In this context, Fuzzy Set Theory, introduced by Lotfi Zadeh in 1965,
emerged as an extension of classical set theory concepts.

This theory aims to provide a mathematical model capable of describing
phenomena characterized by vagueness and indeterminacy, which cannot be

effectively represented using traditional mathematical approaches.

Fuzzy sets are considered powerful tools in various scientific and engineer-
ing applications, such as decision-making, artificial intelligence, and control
systems, as they allow the representation of degrees of membership rather

than limiting to full inclusion or exclusion.

In thus memory, we present A concise introduction to fuzzy set theory,
highlighting its fundamental principles, the main operations on fuzzy sets,

and some of its applications that demonstrate its importance in diverse fields.



CHAPTER 1

PRELIMINARIES

1.1 Introduction

In thus preliminaries we will give the various concepts in relation to set theory
from the basic give, what is set

1.2 Definition of set

[l] D. Dubois, H. Prade

A set is a well defined collection of objects and these objects are termed as
the members or elements of the set. But we need to elaborate on the term
"well-defined" it means that each element bears certain characteristics with
which it can be identified under a particular head.

1.3 Types of sets

[l] D. Dubois, H. Prade

1.3.1 Finite set

A set in countable from is a finite set and it means each element can be
counted physically.
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1.3.2 Infinite set

A set in uncountable form is an infinite set. The elements in the set cannot

be counted.

1.3.3 Proper Subset

A set A is called proper subset of a set B, if each and every element of set
A are contained in Set B and there exists at least one element in set B such
that it is not an element of set A. Symbolically denoted as A C B

1.3.4 Subset

We can write this relationship as A C Bor B D A, i.e. it means if x €
Aand A C Bthen x € B

Properiets of Subsets

1. If set Ais subset of set Bthen set Bis called the super set of set A.
2. If set A C set Band set B C set Athen set A = set B.

3. If set A C set B, set B C set C'then set A C set '

1.3.5 Universal Set

Example 1.3.1. If set A ={1,2,3,4}and set
B = {5,6, 7}then both sets A and B

are subsets of the universal set of natural number.

1.3.6 Union of Sets
AUB={x:x € Aorz € Bor z € both Aand B}
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Properties of Union of Sets

1. If set Aand set B are two sets then AU Bis also a unique set

2. Commutative Property
Union of set is commutative i.e. if set A and set B are two sets then
AUB=BUA

3. Union of sets is associative i.e. If set A, set B and set C are three sets then
AU(BUC)=(AUuB)UC

4. If set Ais a set, then AU @ = Awhere Jis a null set

5. Union of sets idempotent
If set Ais any set then AU A = A.

6. If set Ais a subset of universal Set Uthen AUU =U

7. If set Aand set B are two sets such that A C Bthen
AUB=Band if BC Athen AUB=A

1.3.7 Intersection of Sets

ANB={x:x € Aand = € B}
Otherwiseif re ANB=x¢c€ Aandz € B

Properties of Intersection of Sets

The following are the properties which hold with respect to intersection of

sets

1. Communicative Property
Intersection of sets is communicative i.e. if set A and Set B are two sets then
ANB=BnNA

2. Associative Property
The intersection of sets are associative i.e. if set A, set B and set C' are three sets then
(ANB)NC=ANn(BNCQC).
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3. Idempotent Property
The intersection of sets is idempotent i.e. if set Ais any set, then
ANA=A

4. If set Ais any set then AN @ = @, Fis the null set
5. If set Ais any set subset of an Universal set U then ANU = A
6. If Aand B are disjoint sets then AN B =&

7. If set Aand set B are two sets then AN B C Aand AN B C Bas
AN B contains only those elements which are in common A

as well as in B. Therefore AN B C Aand AN B C B.

1.3.8 Distributive Laws of Unions and Intersections
Proof. O]

Let x be any element belonging to AN (B U (), then,
re€AN(BUC) < € Aand x € (BUC)
< rx e Aand (x € Borx € )
& (r€ Aand x € B)or (z € Aand z € ()
sSre(AnNB)orze (ANC)
sre(ANB)U(ANC)
Hence AN(BUC)=(ANB)U(ANC)

Proof. O

Let x be any element belonging to AU (B N C), then,
re AU(BNC)<s xeAorz e (BNO)
Sz € Aor (x € Band x € C)
& (reAorx € B)and (v € Aor z € C)
sre(AUB)and z € (AUC)
sre(AUB)N(AUQ)
Hence AU(BNC)=(AUB)N(AUC)
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1.3.9 Complement of a Set

The complement of a set A is that set which contains all those elements of

the universal set U which are not in A. The complement of set A is the
set U — A and is denoted by A¢, A", Aor A. It can symbolically written as
A=U—-A={r:xcUandx ¢ A}

Properties of the complement of Set

1.

The intersection of a set A and its complement A" are disjoint sets i.e.
AN A is anull set {@}

. The union of set A and its complement is the universal set i.e.

AU A" = U, the universal set.
Complement of complement a Set A is the set itself i.e. (4") = A
If the set A is equal to the universal set U then A" = {@}.

If set Aand set Bare two sets then A — B=ANB

. IfAC Bthen AU(B—A)=1B

1.3.10 Difference of Sets

Let set Aand set B are two sets then,

A—B=(z:x € Aandx ¢ B) similary

B—A=(z:x€Bandxz ¢ A).

Properties of Difference of Sets

1.

2.

A-A=0.

A-o=A

3. A— B,AN Band B — Aare mutually disjoint.

4.

(A—-B)UA=A
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5. (A—-B)NB =g

1.3.11 De Morgan’s Laws

1" Law
Let set Aand set B are two sets then (AU B) = A'N B’

Proof. (AUB) =A'NnB

Let x be any element of (AU B)
Then x € (AUB) © z€Uand x ¢ (AU B)
s xeUand (¢ Aor x ¢ B)

& (zeUbut x ¢ A)and (x € Ubut x ¢ B)
srcAandrec B

sreANB

Hence (AUB) = A'NnB

’
)

25" Law
Let set Aand set B are two sets then (AN B) = A'UB’

Proof. (ANB) = A UB

To prove the above result, let x be any element belonging to (AN B)' then
re€(ANB) < x¢ (ANDB)

sao¢Aorx ¢ B

szrxeAorzeB

srcAuUB.

Hence, (ANB) =A'UB O

1.3.12 De Morgan’s Laws on Difference of Sets

1. A—(BUC)=(A—B)n(A—-C)

Proof. Let x be any element such that
re€A—(BUC)exe Aand x ¢ (BUC)
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S zr € Aand (z ¢ Borx ¢ C)

& (r € Abut x ¢ B)and (z € Abut x ¢ C)
s rxe(A—B)and x € (A-C)
sre(A-B)Nn(A-0C)

Hence A— (BUC)=(A-B)Nn(A-C)

A= (BNC)=(A-B)U(A-0C)

Proof. Let x be any element such that
reA—(BNC)sreAandz ¢ (BNCO)

< reAand (x ¢ Band x ¢ C)

& (re€Aand x ¢ B)or (z € Aand x ¢ C)
sre(A-—B)orxze (A-0C)

sre(A-B)U(A-0)

Hence A— (BNC)=(A—-B)U(A-C). O

1.3.13 Some Important results on Difference, Union and

—_

Intersection

If set Aand set B are two sets then AUB =(A—B)UB

. If set Aand set Bare two sets then AN (B — A) = {o}
. If set Aand set Bare two sets then (A — B) N B = {&}
. If set Aand set Bare two sets then A— (A—B)=ANB

. If set Aand set B are two sets then

(A—B)U(B - A)=(AUB) — (AN B).

. If set A, set Band set C'are three sets then

(ANB)—C=(A—C)n(B-0).

. If set A, set Band set C'are three sets then

AN(B—C)=(ANB)—(ANC).

. If set Aand set Bare two sets then (A — B) = AN B’

10
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9.

10.

!

If set Aand set B are two sets then (A— B) =B — A

If set A, set Band set C'are three sets then
AU(B-C)# (AUB)—-(AUQC)

1.3.14 Symmetric Difference of Two Sets

Symmetric difference of set Aand set Bis symbolically represented as

AAB = (A— B)U (B — A)

Some Properties of Symmetric Difference

1.

2.

10.

Commutative Property AA B= B A A.
Associative Property (AA B)AC=AA (BAC).
AAA={z}.

AN =A

. AA(ANB)=A-B.

(AAB)U(ANB) =AU B.

. AAB=(A-B)U(B - A)
. AAB=(AUB) - (AN B).

. AAB={o} < A=B.

(AAB)U(ANB)=AUB.

11



CHAPTER 2

FUZZY SET THEORY

2.1 The Crisp Sets

Definition 2.1.1. [0/ Al-Saphory, R. (2010)

Let x be a nonempty set, called the universe set,

consisting of all the possible elements of concern in a particular context.
FEach of these elements is called a member, or an element, of x .

x € X means x is an element of x.

x & x means x is not an element of x.

Definition 2.1.2. [/ Al-Saphory, R. (2010)
A union of several (finite or infinite) members of x
is called a subset of x, which is denoted by A C x.

There are two cases of subset:

1. Proper subset (A C x) means 3 x € xy butx ¢ A

2. Subset (A C x) means A C x or x C A

12
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Remark 2.1.1. [0/ Al-Saphory, R. (2010)
Two sets A and B is equal if A C B and B C A. Thus
subset (A C x) means A C x or A=x

Definition 2.1.3. The empty set is denoted by (.

Example 2.1.1. Let IR* be the universe set and IR is a subset of IR*
(IR C IR?).

Set - Theoretic Opeations

[6] Al-Saphory, R. (2010)

Let A, B be two subsets of the universe y

1. The Difference of two subsets:
A—B:={zx € x|lre Abut x ¢ B}
2. The Complement of a subset:

A =x—A:={x € x|z ¢ A}

Remarks 2.1.1.

(a) (A)°=A
(b) x°=10
(c) 0°=x

3. The Union of two subsets:

AUB:={zlr€ Aorx € B} =BUA

Remarks 2.1.2.

13
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(a) AUX = x.
(b) AUD=A
(c) (AU A° = y.

4. The Intersection of two subsets:
ANB:={zlr € Aand z € B} = BN A.

Remarks 2.1.3.

(a) Any=A.
(b) AN =0.
(c) AnA°=0.

Definition 2.1.4. [6] Al-Saphory, R. (2010)
Two subsets A and B are said to be disjoint
if ANB = (.

Definition 2.1.5. [0/ Al-Saphory, R. (2010)
Let A be a set,a partion of A wich is denoted
by m(A) is

T(A) == {Ali € I; A;C A}

satisfied

(a) A; £ 0 foralli e 1.

(b) AZﬂAJZQfOT’CL”Z#‘]

14
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If condition (b) does not satisfy, then w(A) becomes a cover or
covering of the set A.

. The Multiplication of a real number r and a subset A of

IR:

rA:={rala € A}.

2.1.1 Properties of Classical Set Operations

[6] Al-Saphory, R. (2010)

Involutive law

(A=A
Commutative law
AUB=BUA
ANB=BnNA

Associative law

(AUB)UC =AU (BUC)
(ANB)NC=ANn(BNC)

15
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Distributive law

AN(BUC)=(ANB)U(ANCQC)
AU(BNC)=(AUB)N(AUCQ)
AUA=A
ANA=A
AU(ANB)=A
AN(AUB)=A
AU(A°NB)=AUB
AN(A°UB)=ANB

AUx =x
AND=10
AUdp=A
Anxy=A
ANA=0
AUA=x

DeMorgan’s law
(AN B)° = A°U B°
(AUB)° = A°N B¢

Definition 2.1.6. /0] Al-Saphory, R. (2010)
The number of elements in a set A is denoted by the cardinality | A |.

Definition 2.1.7. /0] Al-Saphory, R. (2010)
A power set P(A) is a family set containing the subsets of set A.
Therefore the number of elements in the power set P(A) is represented

by
| P(A) |= 2.

16
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Example 2.1.2. If A = {a,b,c}, then

| A|=3

P(A) ={0,{a},{b},{a, b}, {a,c},{b,c},{a,b,c}}
| P(A) |=2° =38.

Definition 2.1.8. /0] Al-Saphory, R. (2010)
A subset A C IR" that is said to be convex if for
each x,y € A,

Az 4+ (1 =Ny € A, for each \ € [0, 1]

i.e every point on the line connected between two points x,y € A is
also in A.

Definition 2.1.9. [0/ Al-Saphory, R. (2010)
Let x be the universe. Membership in a crisp subset A of x is often

viewed as a characteristic function,

HA X — {Oa 1}
defined as

() 1,z € A;
€Tr) =
i 0,z ¢ A.

Remark 2.1.2. [0/ Al-Saphory, R. (2010)

By using the membership function, the union and the intersection of
two sets A, B will be, For all x € x

praus(z) = max{pa(z), pp(x)}

prans(z) = min{pa(x), ps(z)}

17
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2.2 Definitions

Definition 2.2.1. [/ Al-Saphory, R. (2010)
Let x be the universal set, The fuzzy set A in x is a set of ordered pairs;

A={(z, pa(r)) : v € X}

where,

NA:X_>[071]

is called the membership function, and each x € x, the value of pa(x)
is called the grade of memberrship of x in A.

Example 2.2.1.

1, hiis full member of A(h > 190)
pa(z) =< (0,1), his partial member of A(170 < h < 190)
0, h is not member of A(h < 170)

0 *‘“ﬂ' T T T
170 180 190 h [cm]

Figure 2.1: The fuzzy set

18
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Notation 2.2.1. [0/ Al-Saphory, R. (2010)

1. When y is a finite set {z1, 2, ..., x,}, a fuzzy set A on y is
expressed as

A= pa(x1)/21 4+ pa(ze) /22 + o + pa(@n) /20 = ZMA i)/ i

where the term p4(z;), i = 1, ..., n signifies that uz is the grade
of membership of z; in A and the plus sign represents the union.

2. When Yy is not finite, we write,

A= / pa@)/a

Definition 2.2.2. [/ Al-Saphory, R. (2010)
Let x € x, then x is called

Not include in the fuzzy set if pa(xz) = 0.
Partial include if 0 < pa(z) < 1.

Full include if pa(x) = 1.

Definition 2.2.3. [0/ Al-Saphory, R. (2010)

A fuzzy set is empty if and only if its membership function is zero on x.

Definition 2.2.4. [/ Al-Saphory, R. (2010)
Two fuzzy sets A and B are equal, written as A = B, if and only if pa(x) =

pup(x) for all x in x.

Example 2.2.2.

1. A realtor wants to classify the house he offers to his clients.One
indicator of comfort of these houses is the number of bedrooms in
it. Let x = {1,2,3,4,...,10} be the set of available types of houses
described by x = number of bedrooms in a house. Then the fuzzy
set "comfortable type of house for a four-person family" may be

described as

19
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A=1{(1,0,2),(2,0,5),(3,0,8),(4,1),(5,0,7),(6,0,3)}

or

A=0,2/140,5/2+0,8/3+1/4+0,7/5+0,3/6

2. the universe set y is the set of people. B fuzzy subset YOUNG is
also defined, which answers the question "to what degree is person
x young?" To each person in the universe set, we have to assign
a degree of membership in the fuzzy subset YOUNG. The easiest
way to do this is with a membership function based on the person’s

age.

1, age(x) <20
pe(x) =< (30 — age(x)) /10,20 < age(x) < 30
0, age(r)> 30

Thus B = [, up(x)/x
3. A = "real numbers close to 107
A= {(z, pa(2)) : pale) = (1+ (z —10%)7'}
Thus
A= /A(l + (z — 10)*) "/
2.3 Expanding Concepts of Fuzzy set

Definition 2.3.1. [0/ Al-Saphory, R. (2010)
The support of a fuzzy set A, supp(A), is the crisp set of all x € x such
that pa(x) > 0. i.e.

supp(A) == {z € x : pa(z) > 0}.

20
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Example 2.3.1. Let x :={1,2,3,4,5,6,7,8,9,10} be the universe set,
and A=02/1+0.5/2+0.8/3+1/4+0.7/5+0.3/6, then the support
of supp(A) ={1,2,3,4,5,6}.

The elements {7,8,9,10} are not part of the support of A.

Definition 2.3.2. [0/ Al-Saphory, R. (2010)

A fuzzy subset A of the universal set x is called

normal if there exists an x € x such that pa(z) = 1. Otherwise A is
subnormal.

Example 2.3.2. Let A = 0.2/1+0.5/2 + 0.8/3+1/4 +0.7/5 + 0.3/6.
Since pa(4) = 1, then this fuzzy set is normal.
While the fuzzy set A =0.2/1+0.5/2+0.8/3 +0.7/5+0.3/6 is

subnormal.

Definition 2.3.3. [0/ Al-Saphory, R. (2010)
The maximum value of the membership is called height

Example 2.3.3. Let A=0.2/1+0.5/2+ 0.8/3+ 0.3/6. the height of
this fuzzy set is 0.8.

Definition 2.3.4. [0] Al-Saphory, R. (2010)
The (crisp) set of elements that belong to the fuzzy set A at least to the degree
a is called the a-cut:

Ao ={z € x 1 palz) = a}

and
Ay ={z € x:pa(z) > a}

15 called strong a-cut.

Example 2.3.4. A, = {z|ua(z) > o} or Ay = {z|pa(x) > o}

A is an ordinary set

Example 2.3.5. Let A=0.2/1+0.5/240.8/3+1/4+40.7/5+0.3/6,

then list possible a-cut sets:
AO.Z - {17 27 37 47 57 6}

21
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a-level

Figure 2.2: a-cut of a Fuzzy set

Aos =1{2,3,4,5}
Aps = {3,4}
Ay = {4}
Definition 2.3.5. [0/ Al-Saphory, R. (2010)
The value o which explicity shows the value of the membership function,

is in the range of [0,1]. The level set is obtained by the a’s. That is,
Ag:={a:palx) =a,a> 0,2 € x}

Example 2.3.6. Let A=0.2/1+0.5/240.8/3+1/4+40.7/5+0.3/6,

then the level set is
Ay :={0.2,0.3,0.5,0.7,0.8,1}

Example 2.3.7. Consider a universal set x which is defined on the
age domain. x := {5,15,25,35,45, 55,65, 75,85}

| age(element) | infant | young | adult | senior |

) 0 0 0 0
15 0 0.2 0.1 0
25 0 1 0.9 0
35 0 0.8 1 0
45 0 0.4 1 0.1
25 0 0.1 1 0.2
65 0 0 1 0.6
75 0 0 1 1
85 0 0 1 1

22
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2.4 Basic Set-Theoretic Operations for Fuzzy
Sets

Definition 2.4.1. [0/ Al-Saphory, R. (2010)

Let x be the universe set, a fuzzy set A is a subset of a fuzzy set B, if and
only if pa(x) < pp(x) for all x € x, which is denoted by A C B.

Definition 2.4.2. [i] Al-Saphory, R. (2010)
Let x be the universe set, a fuzzy set A is a proper subset of a fuzzy set B,

if and only if pa(x) < pp(x) for all x € X,
which is denoted by A C B.

Figure 2.3: fuzzy subset

Remarks 2.4.1. [0] Al-Saphory, R. (2010)

1. Every fuzzy subset is included in itself.

2. Empty fuzzy subset is included in every fuzzy subset.

Definition 2.4.3. [0/ Al-Saphory, R. (2010)
The complement of a fuzzy set A is denoted by A and is defined by

pa(r) =1 - pa()

23
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L

AR
LA

pgle 1l — palx

R

Figure 2.4: The comlement of a fuzzy subset

Example 2.4.1. Let A=0/3+0.4/7+1/8, then

pi3)=1-pa3)=1-0=
pi(7)=1—pa(7)=1-04=0.6
pa8) =1—pa(8) =1-1=0
thus, A=1/3+0.6/740/8

Definition 2.4.4. /0] Al-Saphory, R. (2010)
The union of two fuzzy sets A and B with
respective membership functions pa(x) and pg(x) is a fuzzy set C, written

as C'= AU B, whose membership function is related to those
of A and B by

pe(x) = max{pa(x), ()}

Example 2.4.2. Let A :={(5,1),(15,0.9), (25,0.1),} and
B :={(5,0.1),(10,0.7), (25,0.8)}, then

pe(5) = max{pa(5), up(5)} = max{1,0.1} =1

pe(10) = max{pa(10), up(10)} = max{0,0.7} = 0.7
pe(15) = max{pa(15), up(15)} = max{0.9,0} = 0.9

24



2.4. BASIC SET-THEORETIC OPERATIONS FOR FUZZY SEdspter 2

H A B

0

Figure 2.5: The union of a fuzzy subset

pe(25) = max{pa(25), up(25)} = max{0.1,0.8} = 0.8

Thus, C = {(5,1), (10,0.7), (15,0.9), (25,0.8)}

Proposition 2.4.1. [0/ Al-Saphory, R. (2010)
Let A, B, C be fuzzy sets, then

AUu(BuUC)=(AuB)UC
Proof. m

Without lose of the generality, we can assume that

pa(r) < pp(r) < po(z) for all o € x
then

trausuc) (v) = max{pa(x), max{ug(x), po(x)}}
= max{pa(z), po(z)}

— () (2.4.1)
On the other hand,
fraupyo () = max{max{ya(z), ps(x)}, pe(x)}
= max{up (), po(z)}
= pic () (24.2)
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Thus from (2.4.1) and (2.4.2) we get,
AU(BUC)=(AuB)UC

Theorem 2.4.1. If D is any fuzzy set contains both A and B, then it
also contains the union of A and B.

Proof. O

Let x € xy,and C = AU B.
the AC Dand BC D forall z € x
the pp(x) > pa(x) and pp(z) > pp(x) for all z € x

the pup(z) > max{pa(z), up(r)} = po(z) for all z € x

the C=AUB CD.

Remark 2.4.1. [0] Al-Saphory, R. (2010)
The union of A and B is the smallest fuzzy set containing both A and B.

Definition 2.4.5. [0/ Al-Saphory, R. (2010)

The intersection of two fuzzy sets A and B

with respective membership functions pa(x) and pug(x) is a fuzzy set

C, written as C' = AN B, whose membership function is related to those

of A and B by
o (@) = min{pa(@), ps(2)}

Remark 2.4.2. [0] Al-Saphory, R. (2010)
the intersection of A and B is the largest fuzzy set which
is contained in both A and B.

Theorem 2.4.2. [(] Al-Saphory, R. (2010)
(De Morgan’s laws). Let A and B be two fuzzy sets,
then
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H A B
14

>

Figure 2.6: The intersection of a fuzzy subset

2
1. (AUB)=ANB
2. (ANB)=AUB
Proof. n

1. Without lose of the generality, assume that
pa(x) < pp(z)for all x € x

the 1 — pa(z) > 1 — ug(x)

Thus

paog () = 1 — paus(x)
= 1 —max{ypa(x), pp()}
— 1— ,UB(-T) (243)

On the other hand,

panp() = min{y (), pp(e)}
= min{l — pa(z), 1 — pp()}
= 1 — pup(x) (2.4.4)
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Hence form (2.4.3) and (2.4.4) we get

paus(@) = pa(@) O pp(r)

—_——

Therefore, (AU B) = AN B.

Theorem 2.4.3. [(] Al-Saphory, R. (2010)
(Distributive Laws). Let A,B and C' be fuzzy sets, then

1. CNn(AUuB)=(CNnA)U(CNB)
2.CUANB)=(CUA)N(CUB)

Proof. m

1. Without lose of the generality, we assume that

pa(z) < pp(x) < pe(z)for all z € x

Therefore,

penaos) () = min{uc(z), max{pa(x), pp(z)}}
= max{uc(z), pp(x)}
= uglx) (2.4.5)

On the other hand,

penaens)(x) = max{min{puc(z), pa(z)}, min{pc(z), pp(r)}}
= max{pa(r), pp(r)}
= up(z) (2.4.6)

Hence from (2.4.5) and (2.4.6) we get,

tenaus) () = penayuensy (@) for all € x

Therefore
CN(AUB)=(CNnA)U(CNB).
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2.5 Convex Fuzzy Subsets and The Cardinality

Definition 2.5.1. [0/ Al-Saphory, R. (2010)
A fuzzy set A is convex if and only if its o — cuts are conver.

Theorem 2.5.1. [0/ Al-Saphory, R. (2010)
A is convex if and only if for all x,y € ¥,

pa(Az + (1 = N)y) > min{ua(z), pa(y)} for all X € [0, 1]. (2.5.1)
Proof. m

=) Let z,y € x, assume that a = pa(z) < pa(y).
the Ao ={z € x: pa(z) = o} ={z € x : pa(z) = pa(x)}
the z, y € A,
the A, is convex set
the Az + (1 — \)y € A,

Hence,

pa(Az + (1= A)y) = pa(x) (2.5.2)
Similarly, if & = pa(y) < pa(x) , then

pa(Az + (1= N)y) = pa(y) (2.5.3)

Therefore, from(2.5.2) and(2.5.3) we get

pa(Az + (1= N)y) > min{pa(z), pa(y)}-

<) Let z € x and o = pa(2)
Claim: A, is convex set:
Let u,v € Ayand A € [0,1] the pa(u) > pa(z) andpa(v) > pa(x)
By (2.5.1),
pa(Au+ (1= A)v) = minfa(u), pa(v)}
> pa(r) = o
the Au+ (1 — \)v € A,

the A, is convex set.

Example 2.5.1.

pa(t) = min(ua(r), pa(s))
where t = Ar+ (1= \)s, r, s€ IR, A €0,1]
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Figure 2.7: convex fuzzy set

ol high-risk age

>
>

16 32 48 64  age [years]

Figure 2.8: non-convex fuzzy set

Theorem 2.5.2. [(] Al-Saphory, R. (2010)
If A and B are convex sets, so is their intersection.

Proof.

Let C = AN B where A and B are convex fuzzy sets.
Let z,y € yand A € [0,1], then

po(Az + (1 = N)y) = min{pa(Azr + (1 = Ny), up(Az + (1 = A)y)}
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> min{min{pa(z), pa(y)}, min{pp(z), us(y)}}
= min{pa(z), pa(y), ue(z), ue(y)}

= min{min{pa(z), pp(z)}, min{pa(y), ps(y)}}
= min{uc (), po(y)}

the pc(Az + (1 = N)y) > min{uc(z), pe(y)}

Hence by theorem (2.5.2), C'= AN B is convex fuzzy set

Definition 2.5.2. [0/ Al-Saphory, R. (2010)
Let x be the universe set, and A be a fuzzy set,

Scalar Cardinality (| A |):

the scalar is defined as the sum of the
grade of the membership of finite fuzzy set A. That is:

[AL= Y pala).

reEX

Remarks 2.5.1. [0/ Al-Saphory, R. (2010)
For any fuzzy sets A and B,

1. If for all K, pp(vx) < pa(zg), then | B |<| A|.

Proof. O

| B |=> g nB(rr) < X g palrr) =[ A|

2 |Al=lx|—14]

Proof. O]
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=n— Y palex) =l x|~ A|
K=1
3. |AUB|+|ANB|=|A|+|B|.
Relative Cardinality (|| A ||):

jAp= Al
| x|

Remarks 2.5.2. [0/ Al-Saphory, R. (2010)
For any fuzzy set A,

Lo<|Al<t.

2. || A|l=0ifpua(zk) =1 for all K. Since,

| A 0
|All=—=—=0
x| x|

3. || All=1ifualzk) = 1 for all K. Since,

x| | x| n

Fuzzy Cardinality (| A |p):
| Alr=A{(l Aa [ @) 1 a € [0,1]}
Example 2.5.2.

Let x ={1,2,3,4,5,6,7,8,9,10}
A=02/1405/2+0.8/3+1/4+0.7/5+0.3/6,
B=0.3/1+09/340.8/6+0.1/7+0.4/8+0.6/9 + 1/10,
then
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Scalar Cardinality (| A |):

| A=) pa(z) =02+05+08+1+07+03=35

TEX

| B|=) pp(x) =03+09+08+01+04+06+1=41

rEX

While,

|AUB|=03+05+09+1+0.7+08+0.1+04+06+1=6.3
| ANB|=02+08+03=13

Thus,

|AUB |+ |ANB|=76=|A|+|B|

Relative Cardinality (|| A |):

|A| 35
All=—F=-—==0.35

Fuzzy Cardinality (| A |r):

Ap2 =1{1,2,3,4,5,6}
Aoz =1{2,3,4,5,6}
Aos =1{2,3,4,5}
Aor =1{3,4,5}
Ags = {3,4}
Ay = {4}
Thus,

| Aga |=6
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| Ags |=5
| Ags |= 4
| A7 |=3
| Aos |=2
| A ]=1

| Alr=A{( Aa |, a) : a €[0,1]}
= {(6,0.2), (5,0.3), (4,0.5), (3,0.7),(2,0.8), (1,1)}

Example 2.5.3.
1. Let x =[1,5]and A:= [ +/x. Is A convex?

2. According to example (2.3.7). Calculate the scalar cardinality
of young fuzzy set, the relative cardinality to adult fuzzy set, and

the fuzzy cardinality of senior fuzzy set.

3. Compute the relative cardinality of AU B and the scalar cardinality of
AN B where,

A = {(2,04), (y,0.5), (2,0.9), (w, 1)}

B=05/u+0.8/v+0.9/w+0.1/z

2.6 Expansion of Fuzzy Set

Definition 2.6.1. [0/ Al-Saphory, R. (2010)
If the value of membership function is given by a fuzzy set, it is type-2 fuzzy
set. This concept can be extended up to Typen fuzzy set.

Example 2.6.1.

Consider set A = adult. The membership function of
this set maps whole age to youth, manhood and senior. For instance,

for any person z,y,and z,
fta(z) = youth
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ta(y) = manhood
pra(z) =10

The values of membership for youth and manhood are also fuzzy sets,
and thus the set adult is a type-2 fuzzy set. The sets youth and manhood
are type-1 fuzzy sets.

Remark 2.6.1. [0/ Al-Saphory, R. (2010)
In the same manner, if the values of membership function

of youth and manhood are type-2, the set adult is type-3.

Definition 2.6.2. [/ Al-Saphory, R. (2010)

consider a fuzzy set satisfying A # 0 and A # x.

The pair (A, 121) is defined as fuzzy partition. More generally, if there

are m subsets defined in x, (Ai, As, ..., Ay) holding the following conditions
15 called a fuzzy partition.

1. Vi, A, #£0.

2. AiNA; =0foralli#j.

3. Vrex, > pa,(z)=1.
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CHAPTER 3

LMAXIMUM SOLUTION OF FUZZY RELATION
EQUATIONS

In this chapter we will discuss the methods of finding the maximal solution of
FRE (FUZZY RELATION EQUATIONS) with respect to unknowns R and
Q. We will discuss the methods for finding the maximal "Q" and maximal
"R" respectively for FRE of the from Ro () = T. Here "V" denotes the
maximal solution.

3.1 Determination of Maximal ()

[7] Ahmed, U. saqib, M. (2010)
For determination of maximal (), first, we will discuss some results.

Lemma 3.1.1. [7] Ahmed, U. saqib, M. (2010)
If we have two fuzzy relations R C X XY and Q CY x Z then the following
inclusion will hold:

QCR'L(RoQ) (3.1.1)

where "o denotes the max-min composition and "L" is the composition made

by a — operator.

MR—l(y7x) = R(J?,y) (312>

36
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ac(bAc) > aLc (3.1.3)
Proof. O]

Let A= R'L(RoQ) C Y x Z.
Then by using (3.1.2) and (3.1.3), we have

pa(y, z) = N Anr-1(y, 2)apreg(x, 2)}

= /\{MR(I,:U)OCMROQ(I7Z>}
= N\ @ y)a(\/{urlz,t) \ ne(t,2)}))
N (ur(e,y)alur(z,y) Angly, ) A\ (ur(z,t) A pglt. 2))))
reX teYtzy

so it becomes

pa(,2) > N\ {ne(e, v)o(ur(e,y) A gy, 2))}

zeX

as we know that
aalaNb) > b (3.1.4)
then by using (3.1.4), we have

pa(y,z) > po(y,2)Vy € Yand Z € Z

3.1.1 Example of lemma 3.1.1

Consider X = {x1,z9, 23,24}, Y = {41, y2,ys} and Z = {21, 22, 23}.

hn Y2 Y3
z1 0.1 0 0.9
R= ]2z 05 08 1
rz3 0.6 0.3 0.2
zs 1 01 04

Z1 Z9 z3

|y 04 01 06
@= y» 0 0.3 0.2
L Y3 0.6 1 08_
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0.6 0.9 0.8
06 1 08 0.1 05 06 1

RoQ = and R'=|0 08 03 0.1

04 0.3 0.6
04 04 0.6 09 1 02 04

Z1 Z9 Z3
y1 0.4 0.3 06
ys 06 1 08

So this example shows that Q@ C R™'L(R o Q). Hence it clearly satisfies the
lemma (3.1.1)

R'L(RoQ) =

Lemma 3.1.2. [7] Ahmed, U. saqib, M. (2010)
Assume that we have two fuzzy relations R C X XY and T C X X Z then

the following inclusion holds:
Ro(R'LT)CT (3.1.5)

where ” o7 denotes the max-min composition and "L" is the composition of
a — operator. The proof of this lemma is analogous to the proof of lemma
(3.1.1)

Lemma 3.1.3. [/ Ahmed, U. saqib, M. (2010)
Consider we have two fuzzy relations R C X x Y and Q CY X Z then the

following inclusion holds:
RC(QL(Ro@) H™! (3.1.6)

Lemma 3.1.4. [7/] Ahmed, U. saqib, M. (2010)
Consider we have two fuzzy relations Q CY x Zand T C X x Z then the

following inclusion holds:
(QLT H ltoQcCT (3.1.7)

Theorem 3.1.1. /7] Ahmed, U. saqib, M. (2010)

Let RC X xYand T C X X Z be the two fuzzy relations, S(Q) be the set
of fuzzy relations QQ € Y x Z such that RoQ =T.

S(Q)={QeY xZ|[RoQ =T} # ¢, if and only if

R™'LT € S(Q) then” RT'LT” is the the greatest element in S(Q)
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Theorem 3.1.2. [7/ Ahmed, U. saqib, M. (2010)
Let RC X xY and T C X x Z be the two fuzzy relations, the set of fuzzy
relations Q € Y x Z such that RoQ C T contains a greatest element R™1LT.

Proof. n

Let S(Q)* = {Fuzzy Q € (Y X Z)|[RoQ C T}and(R)* # ¢.
because of the null relation

0(y,2) =0 Y(y,2) €Y x Z,€ S(Q)"

let QCS(R)*:RoQ=T
then we have

R'L(RoQ) C R'LT,
but from lemma (3.1.1), we have
QCR'L(RoQ)

then it shows that
Q C R'LT

now from Theorem we have
R'LT € S(Q).

Then it shows that R™'LT € S(Q)*, then R~'LT will be the greatest element
in S(Q)*. Hence R™'LT be the greatest element in S(Q)*. Then

Q¥ =R'LT (3.1.8)
which is the maximum relation ” Q)" satisfying the equation Ro Q) =T

3.1.2 Necessary Condition For Existence Of QV

[7] Ahmed, U. saqib, M. (2010)
The necessary condition for the existence of QV satisfying the FRE (2.1) is

pr(z, z) < \/ pr(z,y) Ve e Xand z€ Z (3.1.9)

yey
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3.1.3 Example of Determining the Maximal )

Consider X = {x1, 75,23}, Y = {y1,¥2,¥3,a} and Z = {21, 20, 23}
Suppose R C X x Yand T  C X x Z are two fuzzy relations given below

respectively
Y1 Y2 Ys Y4
ry 1 03 02 0.7
R= |z, 01 0 09 04
z3 05 06 0 0.7
and

21 Z9 z3
r; 0.3 06 0.9
o 0.7 04 04
z3 0.6 0.6 0.5

T —

We are to compute "QV”
First we check the necessary condition for the existence of ”QV” using (3.1.9).

[LT(iL‘,Z) < \/ MR(x7y)'

yeYy

0.3 0.6 0.9 1
0.7 04 04| <109
0.6 0.6 0.5 0.7

Hence the necessary condition (3.1.9) is satisfied. So
T ) T3
w1 01 05
R'=]y 03 0 06

ys 02 09 0
ys 0.7 04 0.7

now we compute R~1LT

1 01 0.5

0.3 0.6 0.9

R'LT = 82 004 8(75 @ 0.7 04 0.4
o ' 0.6 0.6 0.5
0.7 04 0.7
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A03,1,1)  A06,1,1)  A(0.9,1,1)
ALY AMLLL) A(LL05)
| A(LO7,1) A(L04,1) A(1,0.4,1)

A0.3,1,0.6) A(0.6,1,0.6) A(1,1,0.5)

21 Z9 z3

y 0.3 0.6 0.9
QV=R'LT=1|y, 1 1 05
ys 0.7 04 0.4

ys 03 0.6 0.5

Check:
Here we check whether "QV” satisfies the FRE (2.1) i.e Ro QY =T or nor?

0.3 0.6 0.9

1 03 02 07 I 0.3 0.6 0.9
RoQV=101 0 09 04|o0 02 04 0'7 = (0.7 04 04| =T
05 06 0 0.7 07 04 04 06 0.6 0.5

3.1.4 Example of Determining the Maximal ()

Consider X = {x1, 29, 3,24}, Y = {y1,99,ys} and Z = {21, 22}.

Suppose R C X x Yand T' C X x Z are two fuzzy relations given below
respectively.

We are to compute "QV” when

0.1 02 1

06 1
0 09 03

E=108 05 01| 2dT= 8; é
1 02 0 ‘

Since the condition (3.1.9) is satisfied for the above given Rand T then, by
using (3.1.8), our result will be
0.6 1
QV=R'LT= 107 1
0.2 0.1

QV also satisfies the FRE i.e RoQ = T.
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3.1.5 Example of Determining the Maximal )

Consider X = {x1, 73,23}, Y = {y1,92,y3} and Z = {21, 29, 23}.
Suppose R C X x Yand T  C X x Z are two fuzzy relations given below

respectively. We are to compute ()" for

01 1 3 0.3 0.6 0.5
R=102 0 09landT = (03 09 0.2
1 05 04 0.3 0.5 0.5

Since the condition (3.1.9) is fulfilled for the above given Rand T
So by using (3.1.8), our result will be

03 0.5 0.5
QV=R'LT =103 06 0.5
03 1 02

QV also satisfies the FREie RoQ =T.

3.2 Determination of Maximal R

[7] Ahmed, U. saqib, M. (2010)
First we will discuss some results in order to determine the maximal R.

Theorem 3.2.1. /7] Ahmed, U. saqib, M. (2010)

Let Q CY x Zand T C X X Z be the two fuzzy relations, S(R) be the set of
fuzzy relations R € X XY such that RoQ =1T.

S(R) = {FuzzyR € X xY|RoQ =T} # ¢, if and only if (QLT 1)~ € S(R)

and it is the greastest element in S(R).

Theorem 3.2.2. [7/ Ahmed, U. saqib, M. (2010)

Let Q CY X Zand T C X x Z be the two fuzzy relations, then the set of
fuzzy relations R € X X Y such that Ro Q) C T contains a greatest element
(QLTH)™

Proof. O

Let S(R)* = {Fuzzy R € (X xY)|Ro@Q C T}and S(R)* # ¢ because of

the null relation
0(z,y) =0 V(z,y) €Y x Z,€ S(R)"

42



3.2. DETERMINATION OF MAXIMAL R chapter 3

Let RC S(R)*: Ro@ =T, then we have

(QL(RoQ) ™)' C(QLT )™

but from lemma (3.1.3), we have

RC(QL(RoQ)™)™!

then it shows that
Rc(QLTH™

now from Theorem (3.2.2), we have
(QLT Y™ € S(R).

Then it shows that (QLT 1)~ € S(R)*, then (QLT~")~! will be the greatest
element in S(R)*. Hence (QLT~')~! be the greatest element in S(R)*. So

RY = (QLT Y™ (3.2.1)

which is the maximum relation for ” R” satisfying the equation Ro ) =T.

3.2.1 Necessary Condition for Existence of RV

[7] Ahmed, U. saqib, M. (2010)
The necessary condition for the existence of RY satisfying the FRE (2.1) is

pr(z, z) < \/ po(y,z) Ve e Xand z € Z (3.2.2)

yey

3.2.2 Example of Determining the Maximal R

Consider X = {z1,72,23},Y = {y1,y2,y3,yafand Z = {z1,20}. Suppose
QCY xZand T C X x Z are two fuzzy relations given below respectively

Z1 Z9
y1 0.6 0
Q= |y 03 05
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and
21 22

r3 0.6 0.5

T =

For the compute "RV

First we check the necessary condition for the existence of ” RV” using (3.2.2)
Since it is clear from the above given Qand T'that pr(z, 2) <V, oy po(y, 2).
So now we compute (QLT )71

€1 Ty I3
T'= 1z 07 0.5 0.6

z 0.4 0.7 0.5
So
0.6 0 AT AO051) A1)
QLT_I* 0.3 0.5 I 0.7 0.5 0.6] |A(1,04) A(1,1) A(L, 1)
—10.7 0.1 04 0.7 05| | A(1,1) A(0.5,1) A(0.6,1)
05 1 A(1,0.4) A(1,0.7) A(1,0.5)
1 05 1
1104 1 1
QLT = 1 0.5 0.6
04 0.7 0.5
Yr Y2 Ys  Yg
v -1 | 1 04 1 04
R =(QLT™)™ = zo 0.5 1 0.5 0.7
zs 1 1 0.6 0.5
Check:

Here we check whether " RV” satisfies the FRE i.e Ro @ = T or nor?

06 0

1 04 1 04 03 0.5 0.7 0.4
RVo@Q= 105 1 05 0.7]o0 0'7 0‘1 =105 0.7 =T
1 1 06 05 0'5 i 0.6 0.5

Hence, QV satisfies the FRE i.e RoQ =1T.
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3.2.3 Example of Determining the Maximal R

Consider X = {zy, 29,23}, Y = {y1,y2}and Z = {21, 29, 23, 24 }.
Suppose Q C Y x Zand T C X x Z are two fuzzy relations given below

respectively

03 03 09 1
} and T'= |0.7 0.5 0.3 0.6
02 02 09 09

o—[02 0 09 1
“ |1 05 03 06

We compute "RV

Since the necessary condition (3.2.2) is satisfied for the above given @ and T'.
Then by using (3.2.1), the result will be

B =(QLT) {0.3 0.7 0.2

RY satisfies the FRE i.e RoQ =1T.
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Conclusion

In conclusion, thus memory has shown that fuzzy set theory represents
a significant shift in handling imprecise concepts and uncertain data by offer-
ing a flexible mathematical framework that allows for gradual membership

instead of traditional binary classification.

Throughout thus study, we explored the fundamental principles of fuzzy
set theory, its basic operations, and some of its practical applications.

The importance of thus theory lies in its ability to simulate human rea-
soning and deal with vague information, making it a powerful tool in various
fields such as artificial intelligence, decision-making systems, and control en-

gineering.

Despite the simplicity of its foundational concepts, the applications of
fuzzy set theory continue to expand and evolve across multiple domains.

We hope that thus memory serves as a concise and useful introduction

for those interested in the field and opens the door to further research and

deeper exploration into fuzzy sets and their advance...
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