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Abstract

In this work, we present existence of extremal solutions for nonlinear Riemann-Liouville
fractional differential equations with integral boundary conditions (nonlocal conditions)
and for coupled systems of nonlinear Riemann-Liouville fractional differential equations
with initial conditions. Also, we present the existence of extremal solutions for a
coupled system of nonlinear fractional differential equations involving the ¢-Caputo
derivative with initial conditions.

Our results will be obtained by using the monotone iterative technique combined
with the method of upper and lower solutions.

Key words and phrases: fractional calculus, Riemann-Liouville fractional differen-
tial equations, ¥-Caputo fractional derivatives, systems of fractional differential equa-
tions, upper and lower solutions, monotone iterative technique.



Résumé

Nous présentons dans ce mémoire, ’existence de solutions extrémes pour des équations
différentielles a dérivées fractionnaires au sens de Riemann-Liouville avec condition
intégrale aux limites, et pour un systeme couple d’équations différentielles non linéaires

a dérivées fractionnaires au sens de Riemann-Liouville avec des conditions initiales.
Aussi, nous présentons I’existence de solutions extrémes pour un systeme couplé d’equations
différentielles non linéaires a dérivées fractionnaires au sens de 1-Caputo avec condi-
tions initiales.

Ces résultats sont obtenus grace a la technique itérative monotone combinée a la
méthode des sous et sur solutions.

Mots Clés:Calcul fractionnaire, dérivée fractionnaire de ¢)-Caputo, équations différentielles
a dérivées fractionnaires au sens de Riemann-Liouville, systemes d’équations différentielles
fractionnaires, sous et sur solutions, technique des itérations monotones.
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Introduction

Fractional calculus is a generalization of ordinary differentiation and integration to
arbitrary non-integer order. We can find numerous applications of differential equations
of fractional order in various sciences such as physics, mechanics, electrochemistry,
control, population dynamics, electrodynamics and electromagnetic, etc. For details,
see [10, 29, 32, 34, 37, 40]. Several approaches to fractional derivatives exist: Caputo,
Riemann-Liouville (RL), Hadamard, Grunwald-Letnikov (GL), etc., can be found in
(11, 12, 16].

Recently, a new fractional derivative, called the 1)-Caputo fractional derivative, was
introduced by Almeida in [4]. For recent results on -Caputo fractional derivative we
refer the reader to [2, 4, 5, 6, 7, 8, 20, 21, 39].

In this work, we present existence of extremal solutions for nonlinear Riemann-
Liouville fractional differential equations with integral boundary conditions (nonlocal
conditions) and for coupled systems of nonlinear Riemann-Liouville fractional differ-
ential equations with initial conditions. Also, we present the existence of extremal
solutions for a coupled system of nonlinear fractional differential equations involving
the 1-Caputo derivative with initial conditions.

The monotone iterative technique combined with the method of upper and lower
solutions has been applied by several authors, see [3, 9, 13, 14, 17, 18, 21, 22, 30, 31,
33, 42, 43, 46]. The purpose of this method is to constructing two monotone iterative
sequences, by using g, yo the lower and upper solutions with g < yp, showing the
convergence of the constructed sequences, and proving these two sequences approximate
the extremal solutions of the given problem.

We have organized this work as follows:

In Chapter 1, we present some definitions and results which are used throughout
this work.

In Chapter 2, we investigate the existence of extremal solutions of boundary
value problem for the following nonlinear fractional differential equation with integral
boundary conditions:

RLDax(t) = f(t,z(t)), tel0,T], T >0,

T
2(0) = )\/ w(s)ds+d, deR.
0
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where 0 < ¢ < 1, A >0, f: [0,T] xR — R is a continuous function and #* Dz denotes
the Riemann-Liouville fractional derivative of = of order q.

In Chapter 3, we investigate the existence of solutions for the following system of
nonlinear fractional differential equations:

RLDOR(t) = F(ta(t)y(t), e = (0.8]
FEDoy(t) = g(t, y(t), x(t), tel=(0,0],
tox(t)|,_, = wo, ()], = vo.

where, 0 < a < 1, #:D? is the standard Riemann-Liouville fractional derivative of
order v, J =[0,b], b > 0, ug,vg € R, ug < vy and f,g € C(J x R x R, R).

In Chapter 4, we investigate the existence of extremal solutions for the following
coupled systems of nonlinear fractional differential equations involving the ¢-Caputo
derivative with initial conditions:

DI a(t) = (t,(t), y(t), € J = [a,b],
CDIIY(t) = halt,y(t), 2 (), t € T = [a,b],
#(a) = 70, y(a) = ya.

where hi, hy € C([a,b] x R X R,R), z,,y, € R, 2, < y, and CD;T is the ¥-Caputo
fractional derivative of order 0 < o < 1.

Existence results for these problems are obtained by using the monotone itera-
tive technique combined with the method of upper and lower solutions, as presented
respectively in the following articles [43, 42, 21].



Chapter 1

Preliminaries

We present in this Chapter some notations and definitions of Fractional Calculus The-
ory and some fixed point theorems.

Let C(J,R) be the Banach space of continuous functions from J = [a,b], a,b € R
into R with the norm

[yl = sup{ly(t)] : t € T}.

C1_o(T,R) = {y € C((a,b],R); t'*y € C(J,R), with 0 < a < 1}, is a Banach
space with the norm
1yllei_ = sup{t'~*[y(t)| : t € T}.

1.1 Elements of Functional Analysis

Definition 1.1.1 [36]. Let E, F be Banach spaces and T : E — F.

(i) The operator T is said to be bounded if it maps any bounded subset of E into a
bounded subset of F.

(i) The operator T is called compact if T(E) is relatively compact (i.e., T(FE) is
compact).

(7ii) The operator T is said to be completely continuous if it is continuous and maps
any bounded subset of E into a relatively compact subset of F.

Theorem 1.1.2 (Arzela-Ascoli Theorem [35]). A subset F of C([a,b], R) is relatively
compact (i.e. F is compact) if and only if the following conditions hold:

1. F is uniformly bounded i.e, there exists M > 0 such that

|f(@®)|| < M foreacht € [a,b] and each f € F.
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2. F is equicontinuous i.e, for every € > 0, there exists 6 > 0 such that for each
bty € [a,8], [t — bi| < 6 implies || f(t) — f(t)]| < &, for cvery feF

Theorem 1.1.3 (Arzela-Ascoli Theorem [15](Sequential Version)). If {f.(t)} is a
uniformly bounded and equicontinuous sequence of real functions on an interval |a, b],
then there is a subsequence which converges uniformly on |a,b] to a continuous function.

Theorem 1.1.4 (Banach’s fized point theorem [26]) Let C' be a non-empty closed sub-
set of a Banach space X, then any contraction mapping T of C' into itself has a unique
fized point.

Theorem 1.1.5 (Lebesque dominated convergence theorem [25]). Suppose f, : R —
[—o0, +00] are (Lebesgue) measurable functions such that

o lim_f.(@) = f(@)

b. There is an integrable g : R — [0, 4+00] with —f,(z)| < g(z), for eachwe R.

Then f is integrable as is f, for each n, and

Jim [ = [ s gt = [ 14,

1.2 Fractional Calculus.

In this section, we introduce some necessary definitions and properties of the fractional
calculus which are used in this report and can be found in [1, 27, 28].

Definition 1.2.1 [29] (The Euler gamma function)
The gamma function I' is defined by the following integral:

I'(z) = / t~te7tdt, Me(z) > 0.
0

This integral is convergent for all z € C with Re(z) > 0.

Let us recall some properties of the gamma function:
1. T'(z4+1)=2I(z), Re(z) > 0.

2. T(2)[(1—2)=

z € C\Z and Re(z) > 0.

sin(rz)’

3. T(1) =1, T(2) =1, [(1/2) = /7 and [(3/2) = /7/2.
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Definition 1.2.2 [29/(Riemann-Liouville fractional integrals) The Riemann-Liouville
fractional integral I, f of order o > 0 is defined for function f : [a,b] — R by

1 t
I8 f(t) == [ (t—s)"""f(s)d
m A0 = e [ =9 s
where I" is the gamma function. For a =0 we put 1§ f(t) = I*f(t).

Definition 1.2.3 [29/(Riemann-Liouville fractional Derivatives). The Riemann-Liouville
fractional derivatives RLD;&f of order a € (n — 1,n] is defined by

g = () 1ei0 = o () [ s

Heren = [a]+ 1. If a € (0,1], then

1 d

DL = g [ =9 s

Definition 1.2.4 [29](The Caputo fractional Derivatives ) The Caputo fractional deriva-
tive of order a € (n — 1,n|, of function f is given by

D) = s [y () s

Here n = [a]+ 1. If a € (0,1], then

1 ' oy
m/&‘ (t - S) f (S)dS.

For a =0 we put Dg, f(t) = D*f(t).

“D% h(t) =

Caputo fractional order derivative of certain functions as follow:
1. “D*X =0, MeR.

LB+1) 1o
I'B—a+1)

3. D) = p2ePt, B> 0.

2. YD(tF) = B> 0.

Lemma 1.2.5 [29] If h € C([a,b],R) and 0 < a < 1, then
199D h(t) = h(t) — h(a).

Next, we present the defintions and some properties of Mittag-Leffler functions (see
(19, 24, 38, 41]).
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Definition 1.2.6 [29] The classical Mittag-Leffler function is defined by

0o Zj
Ea,l(z) = Ea(Z) = Z m, o,z € C and 9{@(0[) > 0.
j=0

The generalized Mittag-Leffler function is defined by

b J

Eaﬂ Zw OCBZG(C fﬁe()>0andfﬁe(ﬂ) > 0.

J=
In particular,
1
I(a)

Now, we present the defintions and some properties of ¥-Riemann-Liouville frac-
tional integrals and v-Caputo fractional derivatives, (see [4, 6, 29]).

Eoo(z) = 2E00(2); Ea1(0) = EL(0) =1; Eua(0) =

Definition 1.2.7 [}/(i)-Riemann-Liowville fractional integrals)For o« > 0, the left-
sided - Riemann-Liouville fractional integral of order o of an integrable function f :
la,b] — R with respect to the increasing differentiable function 1 : [a,b] — R with
V' (t) #0 for allt € J = [a,b] is defined as

19 / (s b(s))* 1 f(s)ds.

Definition 1.2.8 [4/(1-Caputo fractional derivatives) Letn € N and let ¢, f € C"(J,R)
be two functions such that v is increasing with ' (t) # 0 for all t € J = [a,b]. The
left-sided ¥-Caputo fractional derivative of a function f of order a > 0 is defined by:

: o 1 d\"
D) = 1 () SO

where n = [a] + 1 for « € R\N, n =« for a € N.
From the above definition, we have:

D0 = rrs [ W00 — vy () S if ac RN,

DI = (ﬂ )

Remark 1.2.9 Note that, if we take ¥(t) = t, then we have

d) f(s), if aeN.

L f(t) = Ig. f(t), and DY f(t) = Dy, f(D).
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Proposition 1.2.10 /6, 29] Let o, > 0, f : J = [a,b] — R be continuous function.
Then for all t € J we have,

D). ISP IR f () = IV £ (1),
2). CDEYIEYf(t) = f(2),
3). “De (¥(t) — ¥(a)) = 0,.
Lemma 1.2.11 [6] If f € C'([a,b],R) and 0 < a < 1, then

LD f(8) = £(t) — fla).



Chapter 2

Existence of solutions for nonlinear
fractional differential equations
with integral boundary conditions

In this chapter, we mainly investigate the existence of extremal solutions of boundary
value problem for the following nonlinear fractional differential equation with integral
boundary conditions:

BEDiz(t) = f(t,x(t)),  t€0,T], T >0,
T (2.1)
z(0) = )\/ z(s)ds+d, deR.

where 0 < ¢ < 1, A\ >0, f: [0,T] xR — R is a continuous function and #* D%z denotes
the Riemann-Liouville fractional derivative of = of order q.
The existence of solutions for (2.1) is proved by using the monotone iterative technique
and the method of coupled upper and lower solution. The original results of this chapter
are found in [43].

In [45], Wang and Xie, developed monotone iterative method for the following frac-
tional differential equations with integral boundary conditions with Holder continuity
and obtained existence and uniqueness of solution of the problem

RLDag(t) = f(t,z(t)), te[0,7], T >0,
z(0) = /\/Tx(s)ds +d, deR.

where 0 < ¢ < 1, A, is 1 or —1, f : [0,T] x R — R is a continuous function and & D%z
denotes the Riemann-Liouville fractional derivative of x of order gq.

D. Dhaigude et al. in [23], developed monotone iterative technique by introducing
upper and lower solutions to Riemann-Liouville fractional differential equations with
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deviating arguments and integral boundary conditions:

RLDax(t) = f(t,z(t), z(0(1))), tel=[0,T], T >0,
z(0) = )\/Tx(s)ds +d, deR.

where 0 < ¢ <1, A >0, f:[0,T] xR — Rand 0 : [ — I are a continuous functions
and 0(t) <t,t € l.

G. Wang in [44], studied the existence of solutions to the following boundary value
problems for fractional differential equations with nonlinear boundary conditions and
deviating arguments:

“Diy(t) = f(t,y(t).2(6(1)),  tel=[0,T),
9(§(0),5(T)) =0,

where 0 < a <1, f: IXRXR—-R, g:RxR — R, 0:1 — I are a a continuous
functions, y(0) = tl_qy(t)‘ , y(T) =t~ %y(¢) and L' D9z denotes the Riemann-
=0

Liouville fractional derivative of x of order q.

2.1 Linear fractional differential equations

In this section, we study the expression of the solutions of a linear fractional differential
equation involving integral boundary problem:
RLDax(t) = g(t), tel=[0,T], T>0,

T 2.2
z(0) = /\/O z(s)ds +d, 22

where g € C(I,R), 0 <g<1and A > 0.

We introduce the following spaces:

Ci_ol,LR)={f € C((0,T],R); t'"*f € C(I,R), with 0 < a < 1}
CY(I,R)={f:1—R, is differentiable on I and f € C(I,R)}.

Lemma 2.1.1 Let0<g< 1, A>0,d€R and g € C(I,R).
A function x € CY(I,R) is a solution of the problem (2.2) if and only if x is a solution
of the following integral equation.:

o(t) = %q)/o (t—s)q_lg(s)ds+)\/0 (s)ds + d. (2.3)
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Proof. Assume that z € C1(I,R) satisfies the integral equation (2.3). Applying
the Riemann-Liouville operator 2 DY to both sides of the integral equation (2.3), we
have

RLpag(t) = HLpe (ﬁ/o (t—s)"g(s)ds + )\/O z(s)ds + d>,

RLth—s‘Flssx
- D<p<q> / (t - ) g<>d+<o>>

= HRLpa (FL) /Ot(t - s)qlg(s)d5> +8L Dag(0),

(g
= REpafag(t) 47 D1g(0),
= g(t) +" D92(0).

On the other hand by, we have

RL i (f) — % (I 2(t)) = ﬁ% /0 (t — 5)~9(s)ds.
So, .
BL D3 (0) = m.0 =0.

Finally we have
RL DA (t) = g(t).
T
In addition, we have z(0) = /\/ z(s)ds + d from the integral equation (2.3).

0
Consequently x is solution of problem (2.2).

Conversely, Assume that z satisfies the problem (2.2). if ®LDiz(t) = g(t) then
T9(BEDax(t)) = I9g(t). So we obtain

'("D%(t)) = a(t) - [*D (1), %
. - (t . O)l—q (t — O)q—l
= x(t) 0) r2-q) T(g
= x(t) — x(0)

Then,
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I - ’
= ) /0 (t— )" "g(s)ds + /\/O z(s)ds + d.

Lemma 2.1.2 Let0< ¢<1,A>0,d€R and g € C(I,R). If X < %, then (2.2) has
a unique solution x € C(I,R).

Proof. Define an operator A : C(I,R) — C(I,R) par

A(x)(t) = ﬁ /0 (t —5)7g(s)ds + )\/0 x(s)ds + d, (2.4)

For any x,y € C(I,R), we have
A () — AGy(£)] = A / (2(s) — y(s))ds,

<)\/ |z(s) —y(s)|ds

< ATx(s) = y(s)] < |z(s) = y(s).

Therefore, ||Ax—Ay|| < ||z —yl|, we know that A is a contraction operator on C(I, R).
Consequently, by the Banach fixed point theorem, the operator A has a unique fixed
point z, i.e. z(t) is a unique solution of (2.2). O

Lemma 2.1.3 Let 0 < ¢ <1 and m € C1_,(I,R). Suppose that for any t € (0,T], we
have m(t1) = 0 and m(t) <0 for 0 <t <ty. Then it follows that

RLqu(tl) Z 0.

Proof. Consider m € Cy_,(I,R), such that m(t;) = 0and m(t) < 0for 0 <t < t5.
Then, m(t) is continuous on (0, 7] and t'~9m(t) is continuous on I = [0, T].
Since m(t) is continuous on (0,7, given any ¢; such that 0 < t; < T, there exists a
k(ty) > 0 and h > 0 such that

—k(t1)(t1 — s) <m(t) —m(s) < k(t1)(t1 —s), for0<t; —h<s<t;+h<T.

1

We have RLDqﬂ”L(t) = F(l——th fO

(t—s)~9m(s)ds, set H(t) = [, (t—s)"9m(s)ds and

consider

t1—h t1
H(ty)—H(t1—h) = /o [(t1 —8) 9= (t1 —h— ) 9m(s)ds + /t 7h(t1 —8)"Im(s)ds.
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Let Iy = [y "[(t1 — 8)™ = (s — h — s)~Jm(s)ds and I, = [* , (t; — s)"9m(s)ds.
Since t; —s >t; —h — s and —¢ < 0, we have (t; —s) 2 < (t; —h—s)"%

This, coupled with the fact that m(¢) < 0, 0 < ¢t < t;, implies that I; > 0. Now,
consider [, = ttll_h(tl — 5)"%m(s)ds. Using (2.5) and the fact that m(t;) = 0, for
s €|ty — h, t; + h[, we obtain,

t1 h27q
m(s) > —k(t) (b — 5), and I > k(t,) / (1 — ) 0ds = —(t) o
t1—h —q

Thus, we have
K(t1)h?=1
H(t)) — H(t; — h > —(QL.
—dq

Then dividing through by h and taking limits as h — 0, we have

TH(t) = H(tb —h) | k(h)h?
i h 2 —q) } ="

d
Since 0 <1—¢g<1land1<2-—g¢g< 2, we conclude that EH(tl) > 0, which implies
that L Dm(t;) > 0. O

Lemma 2.1.4 (Comparison result) Let 0 < g < 1, M € C(I,R*) and M = sup,¢; M (t).
Suppose that p € C1_o(I,R) satisfies

RLDap(t) > —M(t)p(t), s
t"=p(t)|,_, > 0.
If MTT(1 —q) < 1, then, p(t) >0,V t e I.
Proof. We put py(t) = p(t) + 6 with > 0, t € I. Then
RL Dape(t) =RF Dip(t) +7 D6,

MO + =

> —M(t)pe(t) — M(t)0 +

v

0
t0(1 — q)
> —M(t)p(t) — MO + ﬁ

1— MTT(1 - q)

= —M(t)po(t) + 0 T (1 — q)

> —M(t)ps(t),
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and
0y (t)|,_, =t Ip(t)|,_, +t'790,_, > 0.

Next, we prove that pg(t) > 0 on I. Assume that py(t) > 0 is not true. Then,
by t'~pg|,_, > 0, it follows that there exists a t; € (0,7] such that py(t;) = 0 and
po(t) > 0,0 <t < t;. Let m(t) = —pg(t), by Lemma 2.1.3, we have BLDim(t,) > 0.
So, we have #EDipy(t;) < 0., i.e. —M(t1)pp(t1) < 0, which implies pg(t;) > 0. It is a
contradiction. So we have py(t) > 0, t € [ = [0,7] is true. That is p(t) +6 > 0, t € I.
By the arbitrariness of 8, we can get p(t) >0, ¢ € I. O

2.2 Main Result

In this section, we prove the existence of extremal solutions for problem (2.1). Let us
defining what we mean by a solution of this problem.

Definition 2.2.1 A solution of problem (2.1) will be a function x € C'(I = [0,T],R)
for which (2.1) is satisfied.

Next, we introduce the concept of coupled lower and upper solutions of this problem
as follows.

Definition 2.2.2 We say that (zq,10) € (CY(I,R))* is a pair of coupled lower and
upper solutions of the problem (2.1), respectively, if xo(t) < yo(t) for allt € I and the
following inequalities hold:

T
REDago(t) < f(t,zo(t)), tel, z(0) < )\/ zo(s)ds + d,
0
. (2.6)
D) 2 f(tun(t), e T w0) 2 A [ (s +d
0
We define the sector:
D = [wo,y0] = {x € CY(I,R) : x0(t) < 2(t) <wyo(t), t€I=1[0,T]}.
We assume the following hypothesis:
(Gy) f:I xR — Ris continuous function.

(G5) There exists (g, yo) € (C(I, ]R))2 a pair of coupled lower and upper solutions of
(2.1), with xo(t) < yo(t) for t € I.

(G3) There exist M > 0 with MT(1 — ¢) < 1 such that
where xo(t) < x <y < yo(t), for all ¢t € I.
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Now, We have the following results.

Theorem 2.2.3 Assume that (G1), (G2) and (G3) hold. If
RLDax(t) = f(t,w0(t)) — M (z(t) — xo(t)), t € I, z(0) = )\/T zo(s)ds + d,
0

BEDIy(t) = f(t,yo(t)) — M (y(t) — yo(t)), t €I, y(0) = A/O Yo(s)ds + d.

Then,
zo(t) < a(t) <y(t) < wolt), el

with x,y are lower and upper solutions of problem (2.1), respectively.

Proof. Note that there exist unique solutions (z, y) to the boundary value problem
(2.1).
Let p =2 — ¢ and ¢ = yy — y, we have

RLDap(t) =RBL Dix(t) —BL Dixy(t),

> [t xo(t)) = M (2(t) = o(t)) = f(t,20(t)) = =Mp(t), t € I,

p(0) > )\/OT xo(s)ds — )\/OT xo(s) =0,

RLDip(t) > —Mp(t), t € 1.
p(0) > 0.
And
HEDip(t) =" Diyo(t) = DUy (t),
> (b yo(t)) — M (y(t) — wol0)) — (1, 30(t)) = —Mep(t), 1€ T,
o0 22 [ wits = [t =0,

REDIp(t) > —Mo(t), t €1,
©(0) > 0.

Therefore, by Lemma 2.1.4, we have p(t) > 0,¢(t) > 0, t € I, then x(t) > xo(t),
yo(t) > y(t), t € I.
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Now let m = y — z. Assumption (G5) yields

("Dimt) =" Diy(t) =" Do)
= [t 90(t)) = M(y(t) — yo(t)) = f(t, xo(t)) — M(x(t) — 20(t))
= [t 90(t)) = [t 2o(t)) = M(y(t) = yo(t) — x(t) + 20(t))

> —M{(yo(t) — wo(t)) + M(yo(t) — xo(t)) — M(y(t) — x(t)) = —Mm(t), tel.

m(0) =X / (v0(s) — 0(s)) > 0,

t

(
(

(
ie.,
RLDam(t) > —Mm(t), t € I,
{m(()) > 0.
Hence m(t) > 0,, t € I, then y(t) > z(t),t € I. So xo(t) < x(t) < y(t) <wyolt), tel.

Now, we need to show that y,x are upper and lower solutions of problem (2.1),
respectively.
Using Assumption (Gz), we have

(REDy(t) = f(tyo(t) — M(y(t) = wo(1)),
= f(t,50(t) — M(y(t) —wo(t)) — f(£,y(1) + f(E,y(t))
> [t o) = M(y(t) — yo(t)) + M(y(t) — wo(t)) = f(t, y(1)-

ie.,

Similarly, we have

(RED(t) = f(t,wo(t)) = M (w(t) — ao(t))
= [t xo(t)) = M (2(t) — zo(t)) — f(t,2(t)) + f(£, (1))
< S8 x(t) = M(a(t) — 2o(t) + M(x(t) — xo(t)) = f(t x(1))

\
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ie.,
REDax(t) < f(t, x(t)), t €1,
T
2(0) < )\/ 2(s)ds + d.
0
So, y, x are upper and lower solutions of (2.1), respectively. 0

Now we give the main result on the existence of extremal solutions for the nonlinear
problem (2.1).

Theorem 2.2.4 Assume that (G1), (G3) and (G3) hold. Then there exist monotone

iterative sequences {xy }nen, {Untnen C C(I,R) converging uniformly to x*, y*, respec-

tively, (i.e., lim x, = z*, limy, = y*), and z*, y* are the extremal solutions of
n—o0 n—oo

problem (2.1) in the sector © = [z, Yo, such that
20 < ... <z, <. <y, <..<wo, onl forall n €N.

Proof. For all x,,y, € C(I,R), let

RLDag, 1(t) = f(t,2n(t)) — M (21 (t) — 20(t)), t €1, x,41(0) = )\fOT zn(s)ds + d.

RLqun+1(t) = f(tv yn(t)) -M (yn+1(t) - yn(t)) ; te I7 yn+1(0) = /\f()T yn(S)dS + d’
(2.9)
obviously, by Theorem 2.2.3, we have that zo < x1 < y; < yp, on I, for all n € N., and
y1,x1 are upper and lower solutions of (2.1), respectively.
Assume that

To <21 < .. <X < Tpy1 < Y1 U < ... <y1 <o,

for some k > 1 and let x, y, be lower and upper solutions of (2.1), respectively. Then,
using again Theorem 2.2.3, we get zx(t) < zpi1(t) < yraa(t) < wr(t), t € I. By
induction, we have that

zo(t) < x1(t) < oo <2 () < yn(t) < o < yr(8) < yolt), t €.

Obviously, the sequences z,,¥, are uniformly bounded and equicontinuous, applying
the standard arguments, we have
lim z, =x*(t); lm y,=y"(t);
n—-+00 n—-+00
uniformly on . indeed, z* and y* are extremal generalized solutions of (2.1). To prove

that z* and y* are extremal generalized solutions of (2.1), Assume that for some £k,
2 (t) < w(t) < yp(t);t € 1. Put p=w — Tg41, 9 = Yp1 — w. Then
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(FEDip(t) = f(t,w(t) = f(twp(t) + M (@ (t) = mi(t),

> M (w(t) - 2u(t)) - M(ap(t) — 2 () = — Mp(t),

p(0) >\ / (w(s) — xx(s))ds > 0,

\

and
(RLDig(t) = f(tye(t)) — f(t,w(t) = M (g (t) — ye(D))

> =M (ye(t) — w(t)) = M(yr+1(t) — ye(t)) = —Mep(t),

2(0) > / (us(t) — w(t))ds > 0.

By, Lemma 2.1.4, we have zy11(t) < w(t) < ygi1(t);t € I. It proves, by induction,
that

\

zn(t) Sw(t) <yu(t), tel, forallneN.
Taking the limit n — +o0, we get x*(t) < w(t) < y*(t), t € l. O

2.3 An example
To illustrate our main results, we present the following example.

Example 2.3.1 Consider the boundary value problem of fractional differential equa-
tion: »
RLD2g(t) = etsin”@(t) tel=][0,In2],

n2 ) (2.10)
/0 x(s)ds + 5

This problem is a particular case of problem (2.1), with 0 < ¢ =1/2 < 1, T = 1In2,
d=3 A=3and 0 < f(t,x) = etsim*z(t) < ot ¢ e [. It is clear that f is continuous
function. Take xo(t) =0 and yo(t) = €' fort € I, then

z(0) =

W=

In2
11
HEDY2ag(t) =0 < f(t,zo(t)) =1, t €1, mo(0)=0< %/ zo(s)ds + 5 = 3,
0

In2
ot I 5
FEDY2yo(t) = et > f(t,yo(t)) = €D, t e L, yo(0) =1 > %/ Yols)ds +35 =5
0

So, xo(t) = 0 and yo(t) = €' fort € I, are coupled lower and upper solutions of problem
(2.10) with xo(t) = 0 < yo(t) = €, for t € [0,1], then assumptions (G1) and (G3)

Y
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holds.
Let x,y € R, with xo(t) =0 <z <y < yo(t) =€, for allt € I. then we have:

Flt@) = f(ty) = 5@ et < 0

< s —ly—2)
=9 x y—),
Hence the assumption (G3) holds with M = # > 0. In addition, we have

MTT(1—q) = ﬁ(lﬂ 2)1/2, /7 ~ 0.4162 < 1. By Theorem 2.2.4, the nonlinear problem
(2.10) has the extremal solutions (coupled minimal and mazximal solutions, respectively)
(z*,y*) € (D)? with ® = [0,¢]. ie., 0<z* <y*<el,t€l=10,In2]



Chapter 3

Coupled systems of nonlinear
Riemann-Liouville fractional
differential equations

In this chapter, by using the monotone iterative technique combined with the method
of upper and lower solutions, we investigate the existence of solutions for the following
system of nonlinear fractional differential equations:

RLDOR(t) = F(ta(t) (1), e T =(0.8]
FEDy(t) = g(t,y(t), x(t), t€I=(0,b], (3.1)
trox(t)|,_, = uwo, ()], = vo-

where, 0 < a < 1, BED? is the standard Riemann-Liouville fractional derivative of
order av, J =[0,b], b > 0, ug,vp € R, ug < wp and f,g € C(J x R x R, R). The original
results of this chapter are found in [42].

S. Liu. in [30], studied the existence of extremal iteration solution to the following
coupled system of nonlinear conformable fractional differential equations:

2 @(t) = f(t,2(t),y(t), t€la,b],
y (1) = gt y(t),z(t), telab], (3.2)
z(a) = o, y(a) = Po.

where f,g € C([a,b] x R x R,R), X\, B0 € R, Ao < Bo, (), y(®) are the conformable
fractional derivatives with 0 < o < 1.
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3.1 Linear problems and comparison results

In this section, we enunciate the existence and uniqueness of solutions for initial linear
fractional differential equations and for a linear problem for systems of fractional dif-
ferential equations.

Consider the set Cy_,(J,R) = {f € C(I,R); t'~*f € C(J,R), with 0 < a < 1}.

Lemma 3.1.1 Let 0 < a <1, M € R and ug € R. If g € C1_o(J,R), then the linear
initial value problem:

RLDex(t) + Mz(t) = g(t), t e I=]0,0b],
(3.3)

tl_ax(t)‘ = U,

t=0

has a unique solution x € C_o(J,R), and it is given by the following expression:
t
2(t) = D(@)uot®™ " Eqo(=M1%) + / (t =) Baa(—M(t = 5)")g(s)ds,  (3.4)
0

In particular, when M = 0, the initial problem (3.3) has the solution

1 t
x(t :uta_l—i-—/ t—s)*tg(s)ds.
0=t + s [ =9l
where E, (.) is the Mittag-Leffler function.

Lemma 3.1.2 Let a €]0,1], (ug, v9) € R?, ug < vg, M,N € R, N >0 and g1,9, €
C1_o(J,R). Then the linear system

RLDey(t) = g1(t) — M x(t) — N y(t), fort € I =]0,],
RLDay(t) = go(t) — M y(t) — N z(t), fort e I =]0,b], (3.5)
tl_ax(t)‘tzo = o, tl_"‘y(t)|tzo = Wy,

has a unique system of solutions (x,y) € Ci_o(J,R) x C1_o(J,R).

Proof. The pair (z,y) € C1_o(J,R) x C1_o(J,R) is a solution to system (3.5) if and

only if
0(t) — I(t)
2

x(t) = M, and y(t) =

,te
2

where 6(t) and 9(t) are the solutions to the following problems:
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FEDO(t) = (g1 + g2) (t) — (M + N)O(t), tel,
{ t=20(t)|,_, = uo + vo,

RLDOY(t) = (g1 — ga) (t) — (M = N)O(t), tel,
{ tlfaﬁ(t)hzo = ug — o,

By Lemma 3.1.1, we have a unique solution (6,v) € C1_,(J,R) x C1_4(J,R), with
¢

0(t) = T(a)fpt* By o(—Kt*) + / (t—8)* T Eyo(—K(t —8)*) (g1 + g2)(s)ds,
0

I(t) = T() Vot Ba,a(—Lt%) + /0 (t = 5)"" " Eaa(=L(t = 5)*) (g1 — g2) (s)ds.

where, 0y = ug + vy, Vg = ug —v9, M + N = K and M — N = L. In consequence,
(x,y) € C1_a(J,R) x C1_4(J,R), are unique too. The proof is finished. O

In the next Lemmas, we discuss comparison results for the linear problem (3.3) and
for linear system (3.5).

Lemma 3.1.3 (Comparison theorem 1) Let 0 < a <1 and M € R. If p € C1_(J,R)
satisfy the relations,
{ RLDap(t) 4+ Mp(t) >0, tel

' (t)],_, 2 0,

Then ¢(t) >0 for allt € I.

Proof. 1. The case M < 0. In [46, Lemme 2.1], it is shown that if M > 0, then
p(t)>0foralltel.
2. The case M < 0. We put #2D%(t) + Mo(t) = g(t) and t'~¢(t)|,_, = uo > 0.
We are know that g(t) > 0, for every t € I and ¢ € C1_,(J,R) is a solution of the
following problem:

HD(t) + Me(t) = () 20, tel, (5.6
t=o(t)],_, = uo > 0.

By Lemma 3.1.1, the expression of z(t) is:

o(t) = D(a)ugt® ' Eg o — Mt™) + /0 (t —8)* "By u(—=M(t — 5)*)g(s)ds,

we can conclude that, ¢(t) > 0 for every ¢ € I. O
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Lemma 3.1.4 (Comparison theorem 2). Let 0 < a < 1, M,N € R and N > 0.
Assume that x,y € C1_,(J,R) satisfy

RLDex(t) > —M z(t) + N y(t), fortel,
RLDey(t) > —M y(t) + N x(t), fortel, (3.7)
e (t)],_,
Then z(t) >0, y(t) >0 for allt € I.
Proof. Let ¥(t) = x(t) + y(t), then, by (3.7) we have the following:
FED(t) = —(M — N)¥(t), tel,
{ ()], 2 0,
Thus, by (3.8) and Lemma 3.1.3, we know that
P(t) >0, forallt eI, e, a(t)+y(t)>0, foralltel. (3.9)

Next, we show that z(t) > 0, y(t) >0 forall tel.
In fact, by (3.7) and (3.9), we have that

>0, t'y(t)],_, > 0.

(3.8)

BEDx(t) + (M + N)z(t) > 0, t7%x(t)|,_, >0 fort e[, .10)
- 3.10
BEDey(t) + (M + N)y(t) >0, t'=y(t)|,_, >0 fort el

By (3.10) and Lemma 3.1.3, we have z(t) > 0, y(¢) > 0 for all ¢ € I. The proof is
completed. O

3.2 Main Result

In this section, we prove the existence of extremal solutions of nonlinear system (3.1).
Let us defining what we mean by a solution of this problem.

Definition 3.2.1 A solution of problem (3.1) will be a pair (x,y) € Ci_o(J,R) x
C1_o(J,R) for which (3.1) is satisfied.

Next, we introduce the concept of coupled lower and upper solutions of this problem
as follows.

Definition 3.2.2 We say that v, § € C1_(J,R) is a pair of coupled lower and upper
solutions of the problem (3.1), if v(t) < §(t) for allt € J and the following inequalities
hold:

REDery(t) < f(t,y(t),8(t)), fort eI, t7=o(t)|,_, < uo,

REDa§(t) > g(t,6(t),7(t), for tel, t'726(t)|,_, > vo.

(3.11)
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We define the sector:
[7,0] ={z € C1_o(J,R) : y(t) <z(t) <I(t), t € J=1]0,b]}.
We assume the following assumptions:

(C1) f,9:1 xR xR — R are continuous functions.

(Cq) There exists v, € C1_,(J,R), a pair of coupled lower and upper solutions of the
problem (3.1).

(C3) There exist constants M, N € R and N > 0 such that
g(t,z,y) —g(t,7,y) 2 =M (x —T) = N(y — ),

where (1) <T < < 6(t), y(t) <y

IN

7 < 4(t) for all t € J, and

where y(t) <x <y < §(t) for all ¢t € J.
Now, we can obtain our main theorem.

Theorem 3.2.3 Suppose that conditions (Cy), (Ca) and (Cs3) hold. Then, there is
(x*,y*) € [v,6] X [v,6] an extremal solution of the nonlinear problem (3.1). More-
over, there exist monotone iterative sequences {Tn}, o {YUntnen C [7,96] converging
uniformly to x*,y*, respectively, (r, — x*, y, — y*) on I, and
Y=g <1 < ST <K KY <Ky <<y Ky =9, on L
(3.12)

Proof. Firstly, for all z, 1,y,1 € C1_o(J,R), n € N* we consider the linear
system:

BE DR (1) = F(t 0 1(8), gn 1 (8) + M (@0 1(8) = 20(8)) + N (G 1(8) = yu(0)) £ € T,
RLDayn(t) = g<t7 yn—l(t)v xn—l(t)) +M (yn—l(t> - yn(t)) + N (xn—l(t) - xn(t)) te ]’

7w ()], = w0, T un(t)],_y = vo-
(3.13)
By Lemma 3.1.2, the linear system (3.13) has a unique system of solutions in C}_,(J, R) x
Ci—a(J,R), Next, we show that {z, }nen, {¥n}, ey satisty the property:
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Tp1 < Tp < Yp < Yp_1, n=12,3,.. (3.14)
Let p =21 — x9,q = Yo — y1. From (3.13) and (C,) and (Cs), we have
(RLDep(t) =1L Doy +8L Do > —M (x1(t) — x0(t)) + N (yo(t) — y1(t)), fort el

tlf‘lp(t)‘t o = uo —ug =0,

RLDeq(t) =B Doy +1L Deyy > —M (yo(t) — y1(t)) + N (z1(t) — 2o(t)), fort el

\tl_o‘q(t)‘t 0 = Vo — v =0,

ie.,

RLDep(t) > —Mp(t) + Nq(t), for t € I t'=¢(t)|,_, >0,

REDq(t) > —Mq(t) + Np(t), for t € I =°g(t)],_, > 0.

Then, by Lemma 3.1.4, we have p(t) > 0, ¢(t) > 0, i.e., z1 = xo, Y1 < Yo-

Let w = y; — 1. By condition (Cj3) and (3.13), we obtain

'RLDaw(t) =RL Doy, (t) =L Dag, (1)
=9t y0(t), (1)) + M (yo(t) = y1.(t)) + N (20(t) — 2:1(1))
—f (t0(t), y0(t)) = M (20(t) — 21(1)) = N (yo(t) — %1(¢))
> =M (y(t) = 21(t)) + N (5:(1) = 1(1))

= _<M - N)w(t)>

tlfo‘w(t)}tzo =1y — up > 0.

By Lemma 3.1.3, we have w(t) > 0, i.e., y1(t) > x1(t) for all ¢t € I =]0,b]. Hence,
we have the relation o < xy < y1 < yo.
Now, we assume that zx_1 < xp < yr < yp_1, for some k£ > 1 and we prove that (3.14)
is true for k + 1 too. Let p = xpy1 — Tp, ¢ = Yk — Yra1, W = Y1 — Thoil-
By condition (C3) and (3.13), we have that y

RLDep(t) > —Mp(t) + Nq(t), for t € I t*=*¢(t)|,_ =0,

t=0

RLDeg(t) > —Mq(t) + Np(t), for t € I t-q(t)|,_, = 0.

and
RLDow(t) > —(M — N)w(t), for t € I,

t'=oq(t)],_, > 0.
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and so, by Lemmas 3.1.3 and 3.1.4, we have that x;, < 211 < yer1 < Yk
From the above, by induction, it is not difficult to prove that

o< <..<z, <. <y, <..<y <. (3.15)

Applying the standard arguments (the sequences {,},cx » {Un fnen @€ monotone
and bounded), we have

limz,=2", limy,=vy"
n—oo n—oo

uniformly on compact subsets of I =0, b], and the limit functions z*, y* satisfy (3.1).
Moreover, (z*,y*) € [y = 20,0 = yo| X [z0,v0]. Taking the limits in (3.13), we know
that (z*, y*) is a system of solutions of (3.1) in [z, Y] X [To, Yo]. Moreover, (3.12) is true.

Finally, we prove that (3.1) has at most one extremal system of solutions. Assume
that (z,y) € [zo,yo] X [T0,yo] is the system of solutions to (3.1), then

To=7<T, Yy<Yyp=29
and
RLDeg(t) = f(t,a(t),y(t), tel=(0,0],
RLDey(t) = g(t,y(t),x(t)), tel=(0,b], (3.16)
trow(t)|,_, = w,  tTy()],_, = vo-

For some k£ € N, assume that the following relation holds

wi(t) <a(t), y(t) <we(t), € la,b].

Let u(t) = x(t) — xi41(t), v(t) = yiq1(t) — y(t). According to (3.13) and (Cj3), we
have

(BLDoy(t) =BE Dox(t) —BL Doy (t)
= f(tx(t),y(t) — f(t, 2(t), ye(t)) — M (wi(t) — zpsa (1))
=N (y(t) — yr41(2))
> =M (2(t) — zi(t) = N (y(t) — y(t)) — M (2(t) — zp11(2))
=N (ye(t) = Yrs1(t))
( = =M (x(t) = zpa(t)) + N (Yrsr () — y(t)) .
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and
(RLDay(t) =KL Doy, (t) —RE Doy (1)
— 0 (g0, () + M (et — gsa (1) + N (4 (8) — 211 (1))
gt y(t), 2(1))
> M (yi(t) — y()) = N (2(t) = 2(t) + M (yi(t) = g (2))
N ((t) — 2 (1))
\ — M (s () — y() + N ((t) — 2 (1)),
we can get

RLDou(t) > —Mu(t) + No(t), for t € I t'u(t)|,_ >0,

t=0 —
RLDy(t) > —Mo(t) + Nu(t), for t € I t'=v(t)|,_, > 0.
Then, by Lemma 3.1.3, we have u(t) > 0, v(t) > 0, i.e.,
Tra(t) < a(t), y(t) < yrra(t), t € L.
By the induction arguments, the following relation holds
zo(t) < a(t), y(t) <yn(t), onlI forallneN. (3.17)

Taking the limit as n — oo in (3.17), we get that z* <z, y < y*.
Hence, (z*,y*) € [v, 9] x [y, 0] is the extremal system of solutlons to (3.1).
So the proof is finished. O

3.3 An example
We present an example where we apply Theorem 3.2.3.

Example 3.3.1 Consider the system of nonlinear fractional differential equations:
RLDex(t) = 283t — x(t)]® — tY2(t), tel=]0,1],
REDoy(t) = 283[t — y (1)) — t*22(t), tel=]0,1], (3.18)

trox(t)],_, =0, ty 0,

Do =

where J = [0,1], f(t,z,y) =28t — ()]’ — tY2(t), g(t,y, ) = 21t — y(t)° — t'2°(?)
and *L Dz denotes the Riemann-Liouville fractional derivative of x of order c.
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It is clear that f,qg are continuous functions. Take ¥(t) =0 and 6(t) =t fort € [0, 1],
then

FEDy(t) = 0 < f(t,5(t),0(8)) = t° for t €]0,1], £'7y(t)

and
tlfa

it vy

> g(t,6(t),~(t)) =0 for t €)0,1], t'""*6(t)|,_, = 0> 0.

So, v and 0, are lower and upper solutions of problem (3.18), respectively with v(t) =

0<4(t)=t for tel0,1], then assumptions (C1) and (Cy) holds.
Let x,7,y,y € R, then we have:

f(t>$a y) - f(tafv ?7) = 2t3 ((t - 1,)3 - (t - E)g) - t4(y2 - yz)

with y(t) < x <y < (t), for allt € I.
Hence the assumption (C3) holds with M = 6 and N = 0. By Theorem 3.2.3,
the nonlinear system (3.18) has the extremal solution (x*,y*) € Ci_,([0,1],R) x

C1-4([0,1],R), such that (z*,y*) € [v,d] X [y,0] on [0,1], which can be obtained by
taking limits from the iterative sequences:

Tne1(t) = /0 (t = 8)* " Eaa(—6(t — 5)*) (25°(s — za(5))® + 62,(s) — s'y2(s)) ds, t € j,

Yns1(t) = /0 (t = 8)* ' Eaa(—6(t — 5)*) (25°(s — yn(s)) + 6yn(s) — s'z(s)) ds, t € J



Chapter 4

Coupled systems of fractional
differential equations with
-Caputo fractional derivatives

In this chapter, we investigate the existence of extremal solutions for the following
coupled systems of nonlinear fractional differential equations involving the ¢¥»—Caputo
derivative with initial conditions, by using the comparison principle and the monotone
iterative technique combined with the method of upper and lower solutions:

CDYYw(t) = ha(t, 2(t),y(t), teJ=]a,b],
Cngrd}y(t) = h2(ta y(t)’ :L‘(t)), teJ= [CL, b]’ (41)
z(a) = Za, Y(a) = Ya.

where hy, hy € C([a,b] Xx R X R, R), 24,9, € R, 2, < y, and CDgi’b is the ¢—Caputo
fractional derivative of order 0 < o < 1. The original results of this chapter are found
in [21].

C. Derbazi. in [20], studied the existence of extremal iteration solution to the
following nonlinear initial value problem of fractional differential equations involving
the ¥—Caputo derivative:

DI a(t) = f(t,2(t), teJ=]a,b],
(4.2)
z(a) = z,.

where f € C([a,b] x R,R), z, € R, and CDf;jrw is the ¢—Caputo fractional derivative
of order 0 < o < 1.
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4.1 Linear problems and comparison results

In this section, we study the expression of the solutions of a linear »—Caputo fractional
differential equations and of a linear system of 1)—Caputo differential equations with
initial value conditions.

Lemma 4.1.1 Let 0 < a <1, A € R and z, € R. If h € C([a,b],R), then the linear
problem:

CDEYx(t) 4+ Ax(t) = h(t), teJ=]a,bl, 3
z(a) = zq4,
has a unique solution x € C(J,R), and it is given by the following expression:
2(t) = 2o Eay (=A((t) — ¢(a))?)
t 4.4
+ [ () (1) = ()™ Baa (“AW(E) = ©(s))%) h(s)ds. )

In particular, when X\ = 0, the initial problem (4.3) has the unique solution

o) =t [ 06) W0~ 06" his)s.
where Eqy 5(.) is the two-parametric Mittag-Leffer function.
Lemma 4.1.2 Let « €]0,1], M, N € R, and h,g € C(J,R). Then the linear system
CDXYx(t) + X x(t) + p y(t) = h(t), fort e J = [a,b],
CDyly(t) = g(t) = M y(t) = N a(t), fort € J = [a,b], (4.5)
z(a) = Zq,  y(a) = Ya,
has a unique system of solutions (z,y) € C(J,R) x C(J,R).

Proof. Let (z,y) € C(J,R) x C(J,R) with

x(t) = w, and y(t) = o) ;19( >,t cJ
Using (4.5), we have:
CDELOM) + (4 00) = (b)), te T =[],

(4.6)
H(G) = ea = Zq + Ya,



4.1. Linear problems and comparison results 31

and

{Cpgw(t) O = (h+ o)),  ted=][ab] .

Ya) =V = Ty — Ya,

From Lemma , we know that equations (4.6) and (4.7) have a unique solution 6§ €
C(J,R) and 9 € C(J,R), respectively, which can be expressed as follows:

0(t) = b0 Eax (=(A + 1) (9(t) — ¥(a))?)
+ /{: Y(s) (@) = 9(5))* " Baa (=(A+ @) (0(1) = 9(5)%) (hls) + g(s))ds,
and
O(t) = Va By (=X = ) ($(t) = 9(a))?)
+ /at V(s) (@) = ¥(3))* Baa (A = m) (1) = ¥(5))*) (A(s) — g(s))ds,

Consequently, the linear system (4.5) has a unique solution (6, ). O

In the next Lemmas, we discuss comparison results for linear problem (4.3) and for
linear system (4.5).

Lemma 4.1.3 (Comparison result 1). Let 0 < a < 1, A € R. If ¢ € C(J,R) satisfies,

{CDgf’go(t) z —xp(t),  teJ=lab] (4.8)

pla) 20,
then ¢(t) > 0 for allt € J = [a,b].

Proof. we put “DVp(t) + Ap(t) = g(t) and p(a) = @, > 0. We are know that
wq >0, g(t) > 0, for every t € J = [a,b] and

DI () + Ap(t) = 9(1), ¥(a) = pa.
By Lemma 4.1, the expression of z(t) is:
P(t) = o Ean (=A@(t) — ¥(a))®)
+ /at W (s) (V) = ()" Baa (—AW(1) = 9(s))*) g(s)ds.
We have E,1(2) > 0 and Eao(2), forall 0 < o < 1 and 2 € R.

Then, we can conclude that, ¢(t) > 0 for every ¢t € J = [a, b]. O
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Lemma 4.1.4 (Comparison theorem 2). Let 0 < o« < 1, M|N € R and N > 0. If
x,y € C(J,R) satisfy

CDXYa(t) > —M x(t) + N y(t), forte J=la,b],
CDSYy(t) > —M y(t) + N x(t), forte J, (4.9)

z(a) 20, yla) = 0.
Then x(t) >0, y(t) >0 for allt € J.

Proof. Let p(t) = z(t) +y(t), t € J. Then, by (4.9) we have the following:

{ CDiYe(t) = —(M = N)p(t), te, (4.10)
p(a) = x(a) +yla) = 0,
Thus, by (4.10) and Lemma 4.1.3, we know that
o(t) >0, forallteJ, e, z(t)+y(t) >0, forallteJ (4.11)
Next, we show that x(t) > 0, y(t) >0 forall te J.
In fact, by (4.9) and (4.11), we have that
CDEx(t) + (M + N)x(t) >0, x(a) >0 forte J, (1
CDEYy(t) + (M + N)y(t) >0, yla) >0 fortecJ.
It follows from inequalities (4.12) and Lemma 4.1.3 that:
z(t) >0 and y(t) >0, te.l
U

4.2 Main Result

In this section, we apply the monotone iterative procedure and the method of upper
and lower solutions to prove the existence of extremal solutions to the problem (4.1).
Let us defining what we mean by a solution of this problem.

Definition 4.2.1 A solution of problem (4.1) will be a pair of functions (x,y) €
C(J,R) x C(J,R) that satisfies the system

CDgla(t) = Mt x(t), (), teE ]
CDa+ y( ) - hQ(t7y(t)7x(t))7 te J>

with the initial conditions x(a) = ., and y(a) = y,.
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Next, we introduce the concept of coupled lower and upper solutions of this problem
as follows.

Definition 4.2.2 We say that v, 6 € C(J,R) is a pair of coupled lower and upper
solutions of the problem (4.1), respectively, if v(t) < §(t) for allt € J and the following
inequalities hold:

CDEYY(t) < ha(tA(1),0(t)), for tEJ, (4.13)
y(a) S La,

and
CDEYS(t) = ho(t, 8(t), (1)), for t € J,
(4.14)
d(a) > yq,.

We define the sector:
[7,0] ={x € C(J,R) : v(t) <z(t) <i(t), t € J=la,b]}.
We assume the following hypothesis:

(F1) hi,he 1 J x R x R — R are continuous functions.

(Fy) There exists 7,0 € C(J,R), a pair of coupled lower and upper solutions of the
problem (4.1), respectively.

(F3) There exist constants M € R and N > 0 such that

hl(tal‘7y) - h1<t7fay> > —M(I’ - [L’) - N(y _y)a
hQ(tver) - h2<t7y7f> < _M(y - y) - N(SE _T)a
where (1) <7 <2 <§(t), y(t) <y <y <§(t) for all t € J, and
hQ(ta 7I) - hl(tux7y) > _M(y - I) - N(l’ - y)u

We need the following lemma.

Lemma 4.2.3 Assume that {w,(t)} be a family of continuous functions on J satisfying

DY w,(t) = f(t,wa(t)), teJ, (4.15)
wp(a) = w,, |

for n € N* and where |f(t,w,(t))| < K (with K > 0 independent of n) fort € J.
Then, the family {w,(t)} is equicontinuous on J.
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Proof. According to Lemma 4.1, the integral representation of (4.15) is given by

1 b o1
<t>=wa+m/a () (P(t) — ()™ fs,wals))ds. (4.16)

For all t,t, € J with a <t} <ty <D, from (4.16) we have

|wn(t2) = wn(t1)]

= i | ) — 006 .o
o | O W) = e (s, (s)ds
< i [ O [0 )" = () = 006" 11l
Fa L ) — v s (s
< i [0 = 006" = 1) — L2 = (0) = ()]
< gy [060) = 9@ + 2001 — w(0))" — (6) — V()]
< Sy (V) = v(t)

As ty — tq, the right-hand side of the above inequality tends to zero independently of
{w,(t)}. Thus, the family {w,(¢)} is equicontinuous on .J. O

Now, we can obtain our main theorem.

Theorem 4.2.4 Assume that (Fy), (F2) and (Fs) hold. Then the system (4.1) has
an extremal system of solutions (z*,y*) € [, ] X [,0], and there exist two monotone
iterative sequences {Tp}, cn > 1ntnen cOnverging uniformly to x*, y*, respectively, where
Ty Yn € 7, 9], are defined by

Pn+1 (t) + qn-i—l(t) Pn+1 (t) — Qn-i-l(t)

Tpy1(t) = 5 y Ynaa(t) = 5 Jforallt € J = a,b] (4.17)
with
P (8) = (@0 + ) By (—(M + N)((8) — (a))")
/ e ()% Eaa (—(M + N)((t) — (5))") (4.18)

X (ha(s,n(5), Yn) + ha(s, yn(s), 2n) + (M + N)(@n(s) + yn(s))) ds,
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ns1(8) = (20— ) Eag (—(M = N)(6(2) = ¥(a))")
/ V(s (W) = 0 Ea (<M = NJ@O =) (419)
X (520, 30) + D5, () 20) + (M = N)(s) = () s,

At) = ao(t) S a1(8) < o+ < Talt) S o S yalt) < - < alt) < wolt) = (1), ¢ € .
(4.20)

Proof. Firstly, for any zo = (t),yo = (t) € C(J,R), we consider the linear
system:

Cngr%n+1(t) = hl(ta xn(t>’yn(t)) - M ('rn—i-l(t) - xn(t)) - N (yn—i-l(t) - yn(t)) S Ja

CDG ynia () = halt, yn (1), 2 (1)) = M (Ynsa(t) = yn(t)) = N (wn1a(t) — za(t)) ,t € J,
anrl(a) = Za, yn+1<a) = Ya-

(4.21)

By Lemma 4.1, the linear system (4.21) has a unique system of solutions in C'(J,R) x

C'(J,R), which is defined by 4.17. We complete the proof of the theorem through the

following three steps:
Step 1: The sequences {z,(t)} and {y,(t)} satisfy the relation

Tp(t) < Tpi1(t) < Yns1(t) < yn(t), teJ, forallmeN. (4.22)

Let 0(t) = z1(t) — xo(t),I(t) = yo(t) — y1(t). According to (4.21) and (Fy) — (F3),

we have
(CDY6(t) =C Dyl (t) = Dailao(t) = =M (x1(t) = wo(t) — N(sn(t) = wo(t), t€J
0(a) = x1(a) — zo(a) > x4 — x4 = 0,
CDRYO(t) = Dl yo(t) = Deilyi(t) = =M (yo(t) — y1()) + N(a1(t) — zo(t)), teJ

\ﬁ(a) = yo(a) - yl(a) 2 Yo — Yo = Oa

ie.,

CDEYO(t) > —MO(t) + NO(t), 6(a) >0, fort e J
CDEIY(t) > —MO(t) + NO(t), 9(a) >0, fort € J,

Then, by Lemma 4.1.4, we have 0(t) > 0, 9(t) > 0, i.e., z1 = xo, Y1 < Yo-

Let ¢(t) = y1(t) — x1(t). According to (4.21) and (F3), we have
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(CDiYp(t) = Daifu(t) —C D an(t)
= ha (t,yo(t), 2o(t)) — ha (£, 20(t), yo(t)) — M (y1(t) — 5o (1))
=N (21(t) = o(t)) + M (21(t) — 20(t)) + N (41(t) — 50(t))
= =M (y1(t) — 21(1)) + N (51(t) = 21(t)) = =(M = N) (1 (t) — 21(2)) ,

L pla) =wila) —z1(a) = Yo — 2, 2 0.

ie.,

CDiYe(t)(t) = —(M = N)p(t), forte ]

p(a) > 0.
By Lemma 4.1.3, we have ¢(t) > 0, i.e., y1(t) = x1(¢) for all t € J = [a, b].

Next, we show that z;(t) and y, (¢) satisfy inequalities (4.13) and (4.14), respectively.
Since zo(t) and yo(t) are respective solutions of (4.13) and (4.14), it follows that

CDEYx(t) = ha (t,20(t), yo(t)) — M (21(t) — o(t)) — N (y1(t) — yo(t))
< by (8,21 (8), 1 (1))
ri(a) < T,
and
DYy (t) = ha (t,40(t), xo(t) — M (y2(£) — yo(t)) = N (w1 () — wo(t))
> ha (t,31(), 2:1(t))
yi(a) < Yo

Therefore, z1(t) and y () satisfy the inequalities (4.13) and (4.14), respectively.
By the above arguments and mathematical induction, the relation (4.22) holds, i.e.,

xn(t) < {L‘n+1(t) < yn—l—l(t) < yn(t)7 le Jv fOT all n € N.

Step 2: The sequences {x,} and {y,} converge uniformly to their limit functions
x* and y*, respectively. By (4.20), the sequences {z,} and {y,} are uniformly bounded
on J. From Lemma 4.2.3, the sequences {x, } and {y,} are equicontinuous on J. Hence
by the Ascoli-Arzela Theorem, there exist subsequences {z,, } and {y,, } that converge
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uniformly to z* and y*, respectively, on J. This, together with the monotonicity of the
sequences {z,} and {y,}, implies
limx, =2x", and limy,=1y",
n—oo

n—o0

uniformly on ¢ € J, and the limit functions z* and y* satisfy the problem (4.1).

Step 3: System (4.1) has an extremal solution.
Assume that (z(t),y(t)) € [zo(t), yo(t)] % [zo(t), yot)] be any solutions of system (4.1).
That is,

Dy a(t) = h(t,2(t),y(),  w(a) =4, €,
CDRTy(t) = ha(t,y(t), (1), yla) =y tEJ.

We need to prove that z* < z and y < y*, we do so by using induction. Clearly,
v(t) = zo(t) < z(t) and y(t) < yo(t) = 4(t), t € J.. Assume that for some n € N,

o (t) < z(t), and y(t) < yu(t), teJ (4.23)

Let p(t) = x(t) — xu11(t), ¢q(t) = yny1(t) — y(t). According to (4.21) and (F3), we
have

(CD3p(t) =C DEFa(t) —C DY wn(t)

= ha(t, 2(8),y(t)) = ha(t, 2 (1), Y (1)) + M (21 (£) — 20 (1))
+N (s (1) = ya(2)),

> =M (2(t) = 2a(t)) = N (Y(t) = ya(t)) + M (3041(t) — 2a(2))
+N (Yt (t) = ya(1))

= =M (2(t) = 2o () = N (y(t) — ynia (£)) = —Mp(t) + N (1),

pla) ==x(a) —zp1(a) =z, —x, = 0.




4.3. Examples 38

and
(CDFYq(t) =C DYy (t) = DEPy(t)
= ha(t,yn(t), za(t)) — ha(t,y(t), z(t)) — M (ynt1(t) — yn(t))
=N (@n+1(t) — 2a(t))
> M (y(t) = ya(t)) + N (2(t) — 2n(t)) — M (ynt1(t) — yn(t))
=N (2p11(t) — 2al(t))
= =M (yn+1(t) = y(?)) + N (2(t) — zp11(t)) = —Mq(t) + Np(2),

q(a) = Yns1(a) —yla) = Yo — Ya = 0.

\

we can get
“Dgip(t) > —Mp(t) + Nq(t), for t € J p(a) >0,

CDEFg(t) > —Mq(t) + Np(t), for t € ] qla) > 0.
Then, by Lemma 4.1.4, we have p(t) > 0, ¢(t) > 0, i.e.,
Tn1(t) < 2(t), Y(t) < Yot (1), t € J = [a,0].
By the induction arguments, the relation (4.23) holds, .i.e.,

zo(t) < a(t), y(t) <yn(t), onJ forallneN.

Hence, (z*,y*) € [7,9] x [7y,0] is the extremal system of solutions to (4.1).
So the proof is finished. O

4.3 Examples

We present two examples, where we apply Theorem 4.2.4.

Example 4.3.1 Consider the system of nonlinear fractional differential equations:

CDYE () = (t — 2(t)? — Lty(t), x(0)=0, teJ=][0,1], o
CDYy(t) = (t— (1)) — Sta(t), y(0) =0, teJ=[0,1], |
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This problem is a particular case of (4.1), with « = 1/2, a = 0,b =1, x, = y, = 0,
hi(t,z,y) = (t —x)° = Jty, ho(t,y, @) = (t — y)* — 5te and P(t) =

We have CDéf;w = Déf Caputo fractional derivative.

It is clear that hy, hy are continuous functions. Take v(t) = xo(t) = 0 and 6(t) =
yo(t) =t fort €0,1], then

1
CDéizmo( t) =0 < hi(t,zo(t), yo(t)) = 5152 forte€0,1], z¢(0) =0<0,

and

S

CDYPyo(t) = 2= > ho(t, yo(t), zo(t) = 0 for t € [0,1], 4(0) =0 > 0.

§

So, xo and yo, are lower and upper solutions of problem (4.24), respectively with x(t) =
0 <wyo(t) =1t for t €]0,1], then assumptions (Fy) and (F) holds.
Let x,7,y,y € R, then we have:

ha(t2,9) ~ n(t,7,9) = (t— 2)* — (¢ =7 — Si(y )

(z=7)(=2t+2+7) - 0.(y —7)
—2(z —7) = 0.(y - 7),

I\/ v

a(t, ) = b6, 5,7) = (¢~ y)? — (£~ 5)° — 5t(a — )
(y=y(=2t+y+7y) —0.(r—-7)
—2(y —y) - 0.(z —7),

with 0 = 2o(t) <T < ax <y(t) =t <1, 0=x0(t) <y <7y <yo(t) =t <1 forall
t € J, and we have

IA A

ol ) = It 2,9) = ()2 — (6 — )’ — St )

(y—x)(=2t+y+x)—0.(x—y)
—2(y —z) —0.(x —y).
with 0 = xo(t) <x <y <yp(t) =t <1, forallt e J.
Hence the assumption (F3) holds with M = 2 and N = 0. By Theorem 4.2.4, the
nonlinear system (4.24) has the extremal solution (z*,y*) € C([0,1],R) x C([0,1],R),

such that (z*,y*) € [0,t] x [0,t] on [0, 1], which can be obtained by taking limits from
the iterative sequences:

>
>

Tpy1(t) = /0 (t — s)_1/2E1/271/2( 2Vt —5) ((s — 2n(8))?* = syn(s) + 22, (s)) ds, t € J, n >0
Yni1(t) = /0 (t —8)"Y2Ey o j0(—2Vt — 5) ((s = yn(s))? = szn(s) + 2yn(s)) ds, t € J, n > 0.
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Example 4.3.2 Consider the system of nonlinear fractional differential equations:
CDYEa(t) = 2 (I0*(1) — 22(1)) —In(B)y(), 2(1) =0, te J =1,
DIy (t) = 2 (In®(t) — y*(t)) —In(t)z(t), y(1)=0, t€J=[l¢,

This problem is a particular case of (4.1), with « = 1/2, a = 1,b = e, x, = y, = 0,

hi(t,z,y) = 2 (In?(t) — 2?) — In(t)y, ho(t,y,z) = 2 (In*(t) — y*) — In(t)z and P(t) =
In(t). It is clear that hy, hy are continuous functions.
Take zo(t) = 0 and yo(t) = In(t) fort € [1,¢], then

CDUE a0(t) = 0 < ha(t, 2o(t), yo(t)) = In(t) for t € [1,€], mo(1) =0 <0,

(4.25)

and
Déf Yo(t) = % In(t) > ha(t,yo(t), 20(t)) = 0 for t € [1,e], yo(1) =02>0.

So, xo and yo, are lower and upper solutions of problem (4.25), respectively with xq(t) =
0 <wo(t) =1In(t) for t €[l,e], then assumptions (Fy) and (F) holds.
Let x,7,y,y € R, then we have:
hi(t,z,y) — ha(t,2,9) = —2(z —7)(z +7) — In(t)(y — 7)
> —4(z—7) - 0.(y — ),

< —4(y -7) —0.(z - T),
with 0 = 29(t) <T <z <yo(t) =In(t) <1,0=a0(t) <y <y <yo(t) =In(t) <1 for
all t € J, and we have

> —4(y —z) = 0.(z — y).
with 0 = xo(t) < x <y <yo(t) =1In(t) <1, forallt € J.
Hence the assumption (F3) holds with M = 4 and N = 0. By Theorem 4.2.4, the
nonlinear system (4.25) has the extremal solution (x*,y*) € C([1,e],R) x C([1,¢],R),

such that (z*,y*) € [0,1n(t)] x [0,1n(¢)] on [1,¢], whzch can be obtained by taking limits
from the iterative sequences:

xn+1(t)=/1(ln(t)—1n(8))_1/2E1/2,1/2(—4 In(t) — In(s)) (2(In*(s) — 23(s))

N

—In(s)yn(s) + 4z, (s)) %, n>0

yn+1(t)Z/l(1H(t)—1n(8))_1/2E1/2,1/z(—4 In(t) —In(s)) (2(In*(s) — ya(s))

In(s)x (H%%(»f,n>0



Conclusion

Conclusion In this work, we have considered the existence of extremal solutions for
nonlinear Riemann-Liouville fractional differential equation involving integral bound-
ary condition, and for a coupled system of nonlinear Riemann-Liouville fractional dif-
ferential equations with initial conditions. Also, we present the existence of extremal
solutions for a coupled system of nonlinear 1»—Caputo fractional differential equations
with initial conditions.

These results will be obtained by using the monotone iterative technique combined
with the method of upper and lower solutions.
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