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حياتي  نور و ملهمي إلى الجنة أبواب أوسط إلى  
"الحبيب والدي"  

 على وهن حملتني و أقدامها تحت الجنة وضعت من إلى
"الحنون أمي" اللحظة هاته غاية إلى وهن  
حفظك و شفاك و الله أعزك العزيز خالي إلى   
 إلى أمري و أموري في شاركوني و آزري شدوا من إلى

نبضكم الله أدام" إخوتي" مسندي و سندي  
 كما دربكم الله أنار الأعزاء أساتذتي الأنبياء ورثة إلى

العلم سبيل لنا أنرتم   
 لو و الفضل له كان من كل و أصدقائي و عائلتي إلى

المتواضع العمل هذا تحصيل في بدعاء  



 الإهـــــــــــــــــــداء

.أ ن وفقني لهذه اللحظة، فالحمد لله رب العالمين والصلاة والسلام على نبيه الكريم لله الشكر كله  

ل بتوفيقه ومعونتهالحمد لله  ل بفضله وما تخطى العبد من عقبات وصعوبات اإ " اليوم وبكل فخر تخرجت من ... لطالما كان حلما انتظرته....ما تم جهد ول ختم سعي اإ

 )رياضيات (تخصص تحليل دالي وتطبيقات " مرحلة الماستر

.فالحمد لله على البدء وعند الختام  

لى سكان  ........قلبياإ  

لى من ل ينفصل اسمي عن اسمه أ هدي لى من تربيت على يديه ومن علمني القيم والمبادئ اإ ثواب هذا البحث اإ  

لى الذي كان له الفضل ال ول بعد الله في بلوغي للخوض  لى القلب  في ميادين العلم اإ لى عزي واعتزازي بذاتي اإ ، ملجأ ي وس ندي ويدي اليمنى في هذه المرحلة اإ

لى الرجل ال ب ،أ نت وهبتني القلم فشكرا رز في حياتيالحنون اإ  

  )الحبيب حفظه الله والدي (

لى من  لى من مهدت لي طريق العلم اإ لى من وضعتني على طريق الحياة وغمرتني بحبها وحنانها اإ كانت ملجأ ي في وأ هدي ثمرة جهدي ودراس تي وفرحتي المنتظرة اإ

لى من لهج لسانها بالدعاء لي التي تحملتني هذه الر  لى هذا المس توى اليومحلة اإ  في أ سوء حالتي وظروفي وضغوطاتي الوحيدة التي كانت بجانبي دائما لولها لم أ صل اإ

 )أ مي الحنونة حفظها الله(

لى  خوتياإ ليكم يا من خففتم عني مشقة هذه ال يام وكنتم داعمين ومساندين لي أ نتم " ...عبد الرحمان" "ش يماء" "محمد ال مين" "نادية" اإ ،ضمانات، ضمادات اإ

 ضروريات ،أ نتم حصن وحرز وحب وسعادات

 

لى السحابة الجميلة  رحمك الله " جدتي الغالية"التي رحلت وما تزال تمطر في قلبي ... اإ

ل بفضلها ودعمها واهتمامها  لى خط النهاية اإ لى أ مي الثانية التي لم أ صل اإ  اإ

 )عمتي فاطمة(

لى  مام ول تقبل الاستسلام أ بدا نفسياإ  الطموحة التي تدفعني لل 

لى ال هل والصديقات الحبيبات  قلبا ودما و وفاء  اإ

لى العلم و  طلابه اإ

لى جميع أ ساتذتي الكرام ممن لم يتوانوا في مد يد العون لي  واإ

ليكم  جميعا ثواب هذا الجهد والبحث فقد كنتم على الدوام ملهمي فعلى خطاكم أ سير، وبعلمكم أ قتدي، أ هدي  اإ

 .وبكم ينعقد العزم والقوة للخوض في ميادين العلم والحياة بعد التوكل على الله س بحانه وتعالى فجزاكم الله كل خير وأ ثابكم خير الجزاء

 قادة مريم : الطالبة
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Notations
1. N; Z; Q; R and C respectively denote the sets of natural integers, relative integers,
rationals, reals and complexes numbers.

2. A [x] denotes the ring of polynomials whose coe¢ cients in ring A:

3. deg(P (x)): polynomial degree P (x).

4.
�
n
k

�
binomial coe¢ cient, such that n and k two integer where 0 � k � n:

5.
�
z
k

�
generalized binomial coe¢ cient, such that z is a complex number and k an

integer.

6. Hn the harmonic number; de�ned as

Hn = 1 +
1

2
+
1

3
+ � � �+ 1

n
:

7. Hn;m the harmonic number of order m; de�ned as

Hn;m = 1 +
1

2m
+
1

3m
+ � � �+ 1

nm
:

8. [xn](P (x)) designates the co¢ cient of xn in the polynomial P (x):

9. Bn the Bernoulli number de�ned by the recurrence relation

B0 = 1 and Bn = �
1

n+ 1

n�1X
k=0

�
n+ 1

k

�
Bk; n > 1:

10. � the Riemann zeta function, de�ned as :

� (s) =
+1X
n=1

1

ns
= 1 +

1

2s
+
1

3s
+ � � � ; where Re (s) > 1:

11. Li2 (x) the dilogarithm function de�ned by the power series

Li2 (x) =
+1X
n=1

1

n2
xn for jxj < 1:

12. s (n; k) the Stirling numbers of the �rst kind, de�ned as

x (x� 1) � � � (x� n+ 1) =
nX
k=0

s (n; k)xk:

13. LHS is informal shorthand for the left-hand side of an equation.

14. RHS is informal shorthand for the right-hand side of an equation.
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Abstract

The study of the calculus of inde�nite integrals concerning logarithms, log-sin integrals

or others is a crucial research topic being widely focused on. In this thesis we have studied

a problem related to an interesting logarithm integral such

1Z
0

lnn (1� t)
tm

dt where n;m 2 N�:

We extend certain sums involving the harmonic numbers and binomial coe¢ cients

which are linked to certain logarithmic integral representations.

Keywords: Harmonic numbers, Binomial coe¢ cients, Logarithm integral.
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Résumé

L�étude du calcul des intégrales indé�nies concernant les logarithmes, les intégrales

log-sin ou autres est un sujet de recherche crucial largement focalisé. Dans cette thèse,

nous avons étudié un problème lié à une intégrale logarithmique intéressante telle que

1Z
0

lnn (1� t)
tm

dt where n;m 2 N�:

Mots-clés : Nombres harmoniques, Coe¢ cients binomiaux, Logarithme integrale.
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Introduction

Introduction
In mathematics, an integral is the continuous analog of a sum, which is used to cal-

culate areas, volumes and their generalizations. Integration, the process of calculating

an integral, is one of the two fundamental operations of calculus. Integration began as a

method for solving problems in mathematics and physics, it is used today in a wide variety

of scienti�c �elds. This thesis is devoted to an in-depth study of the main problems seen

in some journals.

Our work has three chapters.

The �rst chapter is devoted to generalities, we start by de�ning the binomial coef-

�cients and the generalized binomail coe¢ cients, we study the important and general

properties of these binomial coe¢ cients, then we de�ne in a natural way the sequences of

harmonic numbers Hn and their generalization harmonic numbers of order Hn;m:

At the end of this chapter due to the important role played the riemann zeta fonction of

the calculation, we given an simple proof of Basel problem and some intersing values of

� (n) :

The second chapter constitutes the essential part of this thesis, it is devoted to an in

-depth study on the study of certain properties and theorems concerning more speci�cally

the sums involving binomial coe¢ cients and sums involving harmonic numbers such

nX
k=1

Hk
k
:

At the end of this chapter, we recall the Cauchy product of tow series and we present

some various series such the development of

f (x) =
ln (1� x)
1� x ;

to use for solving important integrals in chapter three.

The last chapter of the theses introduces a collection of some problems seen in some

new papers. Most of the problems appeared in some mathematical journals sush MAA .

8
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we present various important integrals evaluated using series, combinatorial identities

and harmonic numbers.

The main results of this chapter represent an interesting contribution in integral log-

arithms. They are obtained by using technical operations on binomial coe¢ cients and

harmonic numbers.

Firstly, we solve some problems concerning logarithmic integrals related to the har-

monic series like
1Z
0

lnm x

1 + x
dx and

1Z
0

lnm (1� x)
xm

dx

and we have also given some properties of the dilogarithm function Li2 (x) :

Finally, in this chapter, many of these integrals invite the use of combinatorial math-

ematical techniques that involve elegant connections between integrals and in�nite series.



Chapter 1

Preliminaries

1.1 Introduction

In this chapter, we recall the de�nitions and some properties of the binomial coe¢ cients,

generalized binomial coe¢ cients, the harmonic numbers, we also recall the riemann zeta

functions and we give some values of rieman zeta like � (2) ; � (3) ; � (4) :

1.2 Binomial coe¢ cients

Binomial coe¢ cients are involved in many areas of mathematics: binomial development

in algebra, enumeration, series expansion, laws of probability, etc.

For any natural integer n and for any polynomial P (x) of A[x], where A [x] denotes

the ring of polynomials whose coe¢ cients in ring A:

The notation [xn](P (x)) designates the coe¢ cient of xn in the polynomial P (x). So if

P (x) =
X
k�0

akx
k;

we write

[xn]P (x) = an:

With this notation, we de�ne the binomial coe¢ cient
�
n
k

�
, where n and k are two natural

integers by �
n

k

�
= [xn](1 + x)n = [xn]

X
k�0

�
n

k

�
xk:

For all natural numbers n and k; the binomial coe¢ cients satisfy

10
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1. �
n

k + 1

�
=

�
n� 1
k + 1

�
+

�
n� 1
k

�
(1.1)

2. �
n

k

�
=
n

k

�
n� 1
k � 1

�
(1.2)

3. �
n

k

�
=

�
n

n� k

�
; (1.3)

4. �
n

k + 1

�
=
n� k
k + 1

�
n

k

�
(1.4)

5. �
n

m

��
m

k

�
=

�
n

k

��
n� k
m� k

�
(1.5)

Remark 1.1 Andreas von Ettingshausen introduced the notation
�
n
k

�
in 1826, although

the numbers were known centuries earlier as C(n; k), Ckn, and Cn;k.

1.3 Generalized binomial coe¢ cients

Mathematicians often generalize de�nitions, and the binomial coe¢ cients are no excep-

tions. The typical way to generalize
�
n
k

�
is to let n be an arbitrary complex number.

Let � 2 C et k 2 Z, We de�ne the generalized binomial coe¢ cient
�
�
k

�
as follows�

�

k

�
=

k�1Y
j=0

(�� j) = � (�� 1) � � � (�� k + 1)
k!

for k � 0:

and �
�

k

�
= 0 for k < 0:

The binomial coe¢ cients intervene in the development in whole series of (1 + z)� for

jzj < 1. we have

(1 + z)� =
1X
k=0

�
�

k

�
zk for jzj < 1

In the case where � 2 Q, (rep Z, N), we have
�
�
k

�
2 Q, (rep Z, N) For � = n with n 2 N,

we also �nd the de�nition of the binomial coe¢ cient classic
�
n
k

�
.

We have the following properties
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1. Pascal�s Identity for general binomial coe¢ cients�
z

k + 1

�
=

�
z � 1
k + 1

�
+

�
z � 1
k

�
k 2 N and z 2 C (1.6)

2. Chair Identity �
z

k

�
=
z

k

�
z � 1
k � 1

�
for z 2 C and k 2 N� (1.7)

3. Transformation�
�z
k

�
= (�1)k

�
z + k � 1

k

�
for z 2 C and k 2 N (1.8)

4. Cancellation Identity�
z

n

��
n

k

�
=

�
z � k
n� k

��
z

k

�
for z 2 C and k; n 2 N (1.9)

5. Vandermonde formulaX
i+j=k

�
�

i

��
�

j

�
=

�
�+ �

k

�
for �; � 2 C and k 2 N (1.10)

1.4 Harmonic numbers

Harmonic numbers have been studied since antiquity and are important in various branches

of number theory. They are sometimes loosely termed harmonic series, are closely related

to the Riemann zeta function, and appear in the expressions of various special functions.

In mathematics, the n-th harmonic number is the sum of the reciprocals of the �rst n

natural numbers, de�ned as :

H0 = 0; Hn =

nX
k=1

1

k
; for n 2 N�:

Recall that harmonic numbers of order m are given by

H0;m = 0; Hn;m =
nX
k=1

1

km
; for n 2 N�:

with Hn;1 = Hn are the classical harmonic numbers.

An integral representation given by Euler is
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Lemma 1.1 Let n 2 N; the following identity holds

Hn =

1Z
0

1� xn
1� x dx (1.11)

Proof. we have

Hn = 1 +
1

2
+
1

3
+ � � �+ 1

n

=

1Z
0

dx+

1Z
0

xdx+

1Z
0

x2dx+ � � �+
1Z
0

xn�1dx

=

1Z
0

�
1 + x+ x2 + � � �+ xn�1

�
dx;

using the sum of a geometric sequence, the proof is complete.

1.5 Some values of Riemann zeta function

The Riemann zeta function or Euler�Riemann zeta function, denoted by the Greek letter

� (zeta), is an analytic function de�ned, for any complex number s such that Re (s) > 1,

by the Riemann series

� (s) =
+1X
n=1

1

ns
= 1 +

1

2s
+
1

3s
+ � � �

Euler calculated (as part of his solution to the Basel problem) the value of the function �

for even strictly positive integers; he deduced the formula

� (2m) =

+1X
n=1

1

n2m
=
jB2mj (2�)2m

2 (2m)!

where Bernoulli numbers (Bn)n2N are de�ned by the recurrence relation:

B0 = 1 and Bn = �
1

n+ 1

n�1X
k=0

�
n+ 1

k

�
Bk; n > 1:

Bn is called the n-th Bernoulli number.

These values of �(2k) are therefore expressed using the even powers of �;for example

� (2) =
�2

6
; � (4) =

�2

90
; � (6) =

�2

945
; � � �
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1.5.1 Basel problem � (2)

The Basel problem is an important problem in number theory that was �rst posed by

Pietro Mengoli in 1650 and solved by Leonhard Euler in 1734. The Basel problem so is

named for the Swiss city in whose university two of the Bernoulli brothers successively

served as professor of mathematics (Jakob, 1687 - 1705, and Johann, 1705 - 1748).

Coincidentally Euler was born in Basel.

The Basel problem asks whether the in�nite sum

1X
k=1

1

k2
= 1 +

1

22
+
1

32
+ � � � ;

has a closed form solution, that is, does it converge to a �nite number and if it does, what

number does it converge to?

The Basel problem resisted solution for some 84 years until the then 26 year old Euler

�nally solved it. Euler�s surprising solution is

1X
k=1

1

k2
=
�2

6
:

This result has been proven by many mathematicians using di¤erent methods and here

we have provided a simple proof presented in 2017 by A. Novac [21]

Let

I =

1Z
0

1Z
0

1

1 + y2 � x2y2dydx

It follows that

I =

1Z
0

1Z
0

1

1 + y2 � x2y2dydx =
1Z
0

1Z
0

1

1 +
�
y
p
1� x2

�2dydx
=

1Z
0

1p
1� x2

1Z
0

p
1� x2

1 +
�
y
p
1� x2

�2dydx
=

1Z
0

1p
1� x2

h
arctan

�
y
p
1� x2

�i1
0
dx

=
�

2

1Z
0

1p
1� x2

dx

=
�

2
[arcsinx]10 =

�2

4
:
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then

I =
�2

4
(1.12)

and on the other nother hand by changing the order of integration and using the

1Z
0

1

1� a2x2dx =
1

2

1Z
0

1

1 + ax
+

1

1� axdx

=
1

2a

�
ln

�
1 + ax

1� ax

��1
0

=
1

2a
ln

�
1 + a

1� a

�
we have

I =

1Z
0

1Z
0

1

1 + y2 � x2y2dydx =
1Z
0

1

1 + y2

1Z
0

1

1�
�

yp
1+y2

�2
x2
dxdy

=
1

2

1Z
0

ln
�
y +

p
1 + y2

�
y
p
1 + y2

dy

With the substitution

y = sht

we �nd that:

I =

1Z
0

ln (sht+ cht)

shtcht
chtdt =

1Z
0

ln (sht+ cht)

sht
dt

= 2

1Z
0

t

et � e�tdt

= 2

1Z
0

te�t

1� e�2tdt

using the developement series 1
1�x =

1X
n=0

xn we obtain

I = 2

1Z
0

t
1X
n=0

e(�2n�1)tdt = 2
1X
n=0

1Z
0

te(�2n�1)tdt

integration by parts

I = 2

1X
n=0

1

(2n+ 1)2
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using the remark
nX
k=0

1

(2k + 1)2
+

nX
k=1

1

(2k)2
=

2n+1X
k=1

1

k2

we have

I = 2
1X
n=0

1

(2n+ 1)2
= 2

 1X
n=0

1

n2
� 1
4

1X
n=0

1

n2

!
=
3

2

1X
n=0

1

n2
: (1.13)

Eqs. (1.12) and (1.13) conclude the proof of Euler�s formula.

1.5.2 Apéry�s constant � (3)

In mathematics, Apéry�s constant is the sum of the reciprocals of the positive cubes. That

is, it is de�ned as the number

� (3) =
1X
k=1

1

k3

where � is the Riemann zeta function. It has an approximate value

�(3) = 1:202056903159594285399738161511449990764986292 : : :

�(3) was named Apéry�s constant after the French mathematician Roger Apéry, who

proved in 1978 that it is an irrational number.



Chapter 2

Sum involving harmonic numbers
and binomial coe¢ cients

Investigation of the harmonic numbers properties traces it is history back to Ancient

Greece and has the fundamental importance to the several �elds of mathematics. These

numbers are closely related to Riemann zeta function and appear in many expressions of

other special functions.

Sums involving numbers numbers and binomial coe¢ cients have been of considerable

interest throughout the 20th century. We extend certain sums involving the harmonic

numbers and binomial coe¢ cients which are related to certain logarithmic integral rep-

resentations.

In order to prove the main problems of chapter 3 , we need some auxiliary results

given by the following lemmas.

2.1 Sums involving binomial coe¢ cients

Lemma 2.1 Let n be positive integers, then

nX
k=1

(�1)k 1
k

�
n

k

�
= �Hn (2.1)

and
nX
k=1

(�1)k 1
k2

�
n

k

�
=
Hn
n
: (2.2)

17
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Proof. By induction on n.
Let

P (n) :

nX
k=1

(�1)k 1
k

�
n

k

�
= �Hn:

We have, LHS of P (1) is

1X
k=1

(�1)k 1
k

�
1

k

�
= �1;

and RHS of P (1) is

�H1 = �1;

so P (1) is true.

Now assume P (n) is true, for some natural number n � 1, i.e. by recurence suppose that
nX
k=1

(�1)k 1
k

�
n

k

�
= �Hn

and deduce P (n+ 1).

We have
n+1X
k=1

(�1)k 1
k

�
n+ 1

k

�
=

n+1X
k=1

(�1)k 1
k

��
n

k

�
+

�
n

k � 1

��

=
n+1X
k=1

(�1)k 1
k

�
n

k

�
+

n+1X
k=1

(�1)k 1
k

�
n

k � 1

�

=
nX
k=1

(�1)k 1
k

�
n

k

�
+

1

n+ 1

n+1X
k=1

(�1)k
�
n+ 1

k

�
= �Hn �

1

n+ 1
= �Hn+1

Using the integral representation of harmonic number and the the substitution x = 1�u,
we have

Hn =

1Z
0

1� xn
1� x dx =

1Z
0

1� (1� u)n

u
du

= �
1Z
0

nX
k=1

(�1)k
�
n

k

�
uk�1du = �

nX
k=1

(�1)k
�
n

k

� 1Z
0

uk�1du

= �
nX
k=1

(�1)k 1
k

�
n

k

�
:
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Example 2.1 Show that the above identity (2.2) holds.

2.2 Sums involving harmonic numbers

. Recently, many other remarkable �nite sum identities involving the harmonic numbers

have been developed by many authors in di¤erent forms using a variety of methods.

In this section we intersting to calculate the following sums.

Lemma 2.2 Let n � 1 be integers. The following identity holds
nX
k=1

Hk
k
=
H2
n +Hn;2
2

: (2.3)

Proof. We proceed as follow

n�1X
k=0

H2
k +H

2
n =

nX
k=0

H2
k =

nX
k=1

H2
k =

n�1X
k=0

H2
k+1

=
n�1X
k=0

�
Hk +

1

k + 1

�2
=

n�1X
k=0

�
H2
k + 2

Hk
k + 1

+
1

(k + 1)2

�

=
n�1X
k=0

H2
k + 2

n�1X
k=0

Hk
k + 1

+
n�1X
k=0

1

(k + 1)2

=

n�1X
k=0

H2
k + 2

n�1X
k=0

Hk+1 � 1
k+1

k + 1
+

n�1X
k=0

1

(k + 1)2

Therefore
n�1X
k=0

H2
k +H

2
n =

n�1X
k=0

H2
k + 2

n�1X
k=0

Hk+1
k + 1

�
n�1X
k=0

1

(k + 1)2

=

n�1X
k=0

H2
k + 2

nX
k=1

Hk
k
�

nX
k=1

1

k2

=

n�1X
k=0

H2
k + 2

nX
k=1

Hk
k
�Hn;2

the proof is complete.
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Lemma 2.3 For n be integers we have

nX
k=0

(�1)k
�
n

k

�
Hk = �

1

n
: (2.4)

Proof. We proceed as follow

nX
k=0

(�1)k k
�
n

k

�
Hk =

n+1X
k=1

(�1)k k
�
n

k

�
Hk =

nX
k=0

(�1)k+1 (k + 1)
�

n

k + 1

�
Hk+1

=
nX
k=0

(�1)k+1 (n� k)
�
n

k

��
Hk +

1

k + 1

�
=

nX
k=0

(�1)k+1 (n� k)
�
n

k

�
Hk +

nX
k=0

(�1)k+1
�
n

k

�
n� k
k + 1

=

nX
k=0

(�1)k k
�
n

k

�
Hk � n

nX
k=0

(�1)k
�
n

k

�
Hk +

nX
k=0

(�1)k+1
�
n

k

�
n� k
k + 1

then

n
nX
k=0

(�1)k
�
n

k

�
Hk =

nX
k=0

(�1)k+1
�
n

k

�
n� k
k + 1

and since
nX
k=0

(�1)k+1
�
n

k

�
n� k
k + 1

=
nX
k=0

(�1)k+1 n+ 1
k + 1

�
n

k

�
�

nX
k=0

(�1)k+1
�
n

k

�
=

nX
k=0

(�1)k+1
�
n+ 1

k + 1

�
�

nX
k=0

(�1)k+1
�
n

k

�

=

n+1X
k=1

(�1)k
�
n+ 1

k

�
�

nX
k=0

(�1)k+1
�
n

k

�
= �1� 0
= �1

the proof is complete.

Corollay 2.1 The following equality holds:

nX
k=0

(�1)k

k + 1

�
n

k

�
Hk+1 = �

1

n+ 1

nX
k=0

(�1)k+1
�
n+ 1

k + 1

�
Hk+1 =

1

(n+ 1)2
:

Corollay 2.2 By the Binomial inversion formula

ak =
nX
k=0

(�1)k
�
n

k

�
bk () bk =

nX
k=0

(�1)k
�
n

k

�
ak
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where (a)n and (b)n are two complexe sequences, we have

nX
k=1

(�1)k 1
k

�
n

k

�
= �Hn ()

nX
k=0

(�1)k
�
n

k

�
Hk = �

1

n
:

2.3 Some applications of Cauchy product

In mathematics, more speci�cally in mathematical analysis, the Cauchy product is the

convolution of two in�nite series. It is named after the French mathematician Augustin-

Louis Cauchy.

2.3.1 Cauchy product of two in�nite series

Let
P
n�0
an;

P
n�0
bn be two in�nite series with complex terms. The Cauchy product of these

two in�nite series is de�ned by X
j�0
aj

! X
j�0
bj

!
=
X

cn
n�0

where cn =
nX
i=0

aibn�i:

2.3.2 Cauchy product of two power series

Let
P
n�0
anx

n;
P
n�0
bnx

n be two power series, with complex terms.

The Cauchy product formula of these two power series is de�ned by X
j�0
ajx

i

! X
j�0
bjx

j

!
=
X
n�0

 
nX
i=0

aibn�i

!
: (2.5)

The generalat forumula is X
j�r
ajx

i

! X
j�s
bjx

j

!
=
X
n�r+s

 
n�sX
i=r

aibn�i

!
xn or =

X
n�r+s

 
n�rX
j=s

an�jbj

!
xn: (2.6)

Lemma 2.4 we have

ln (1 + x)

1 + x
=

1X
n=1

(�1)n+1Hnxn jxj < 1; (2.7)

� ln (1� x)
1� x =

1X
n=1

Hnx
n jxj < 1: (2.8)
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Proof. Stating from the known expansion of two series

ln (1 + x) =
X
n�1

(�1)n+1

n
xn and

1

1 + x
=
X
n�0

(�1)n xn; jxj < 1 (2.9)

from the relation (2.6), we have

ln (1 + x)

1 + x
=

 X
n�1

(�1)n+1

n
xn

! X
n�0

(�1)n xn
!
=
X
n�1

 
n�0X
i=1

(�1)i+1

i
(�1)n�i

!
xn

=
X
n�1

(�1)n+1
 

nX
i=1

1

i

!
xn

=
X
n�1

(�1)n+1Hnxn:

Stating from the known expansion of two series

ln (1� x) = �
X
n�1

1

n
xn and

1

1� x =
X
n�0

xn; jxj < 1

and from the relation (2.6), we have

� ln (1� x)
1� x =

 X
n�1

1

n
xn

! X
n�0

xn

!
=
X
n�1

 
n�0X
i=1

1

i

!
xn

=
X
n�1

Hnx
n:

Corollay 2.3 We �nd by integration of relation (2.7)

1

2
ln2 (1 + x) =

X
n�0

(�1)n+1 Hn
n+ 1

xn+1

then
ln2 (1 + x)

x
= 2

X
n�0

(�1)n+1 Hn
n+ 1

xn:

Also we have
1

2
ln2 (1� x) =

X
n�0

Hn
n+ 1

xn+1

then
ln2 (1� x)

x
= 2

X
n�0

Hn
n+ 1

xn



Chapter 3

A binomial formula for evaluating
some Logarithmic integrals

3.1 Introduction

This chapter constitutes the essential part of this thesis, contains some techniques of

integration which are not found in standard calculs and advanced calculus book. it can

be considered as a map to explore many classical approaches to evaluate integrales.

3.2 values of

1Z
0

xm ln (1� x) dx and
1Z
0

xm ln2 (1� x) dx

The follwing formula (3.1), which is quite old, is recorded in various tables of de�nite

integrals. It appears as formula 865.5 in [10] , It is worth mentioning that the origin of

such integrals dates back to the time of the English mathematician Joseph Wolstenholme

(1829�1891), and the �rst proposed integral appeared in his book with mathematical

problems.

Problem 3.1 Let n � 1 be an integer. The following identity holds

1Z
0

xn�1 ln (1� x) dx = �Hn
n
: (3.1)

Proof. .
First proof

23
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Let

In =

1Z
0

xn�1 ln (1� x) dx:

Using integration by parts

u = xn�1 �! u0 = (n� 1)xn�2

v0 = ln (1� x) �! v = (x� 1) ln (1� x)� x

then

In =
�
xn�1 ((x� 1) ln (1� x)� x)

�1
0
� (n� 1)

1Z
0

xn�2 ((x� 1) ln (1� x)� x) dx

=
�
xn�1 ((x� 1) ln (1� x))

�1
0
� [xn]10 � (n� 1) (In � In�1) + (n� 1)

1Z
0

xn�1dx

= � (n� 1) (In � In�1)�
1

n
;

which yields the recurrence relation in k,

kIk � (k � 1) Ik�1 =
�1
k
:

Giving values to k from k = 2 to n and using that

1Z
0

ln (1� x) dx = �1, we obtain that

2I2 � I1 =
�1
2
:

3I3 � 2I2 =
�1
3
...
...

(n� 1) In�1 � (n� 2) In�2 =
�1
n� 1

nIn � (n� 1) In�1 =
�1
n

then

nIn � I1 = �
�
1

2
+
1

3
+ � � �+ 1

n

�
the proof of relation (3.1) is given.

Second proof
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we have

1Z
0

xn�1 ln (1� x) dx =

1Z
0

(1� x)n�1 lnxdx

=

1Z
0

n�1X
k=0

(�1)k
�
n� 1
k

�
xk lnxdx

=
n�1X
k=0

(�1)k
�
n� 1
k

� 1Z
0

xk lnxdx

=

n�1X
k=0

(�1)k+1 1

(k + 1)2

�
n� 1
k

�

=
1

n

n�1X
k=0

(�1)k+1 1

k + 1

�
n

k + 1

�
=

1

n

nX
k=1

(�1)k 1
k

�
n

k

�
using the formula (2.4) the proof of formula (3.1) is given.

the following problem is proved in 2016 by V¼alean [27]

Problem 3.2 Let n � 1 be an integer. The following identity holds
1Z
0

xn�1 ln2 (1� x) dx = H2
n +Hn;2
n

Proof. Let

Jn =

1Z
0

xn�1 ln2 (1� x) dx

using integration by parts as in above problem , we obtain the recurrence relation in k,

kJk � (k � 1) Jk�1 = 2
Hk
k
:

Giving values to k from k = 2 to n and using that

1Z
0

ln2 (1� x) dx = 2, we obtain that

Jn = 2
nX
k=1

Hk
k

using the relation (2.3), the proof is complete.
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3.3 Values of

1Z
0

lnm x
1+x dx

Problem 3.3 Let m be a positive integer. Then the following equality holds

1Z
0

lnm t

1 + t
dt =

(�1)m+1m! (1� 2m)
2m

+1X
n=1

1

nm+1

Proof. We have
1Z
0

lnm t

1 + t
dt =

1Z
0

lnm t

+1X
n=0

(�1)n tndt =
+1X
n=0

(�1)n
1Z
0

tn lnm tdt

using the subtitition t = e�x and using

In;k =

+1Z
0

tne�(m+1)tdt

we have by part

u = tn �! u0 = ntn�1

v0 = e�(m+1)t �! v = � 1

m+ 1
e�(m+1)t

hence, we have the identity

In;m =
n

k + 1
In�1;m =

n!

(m+ 1)n+1

we immediately have

1Z
0

tn lnm tdt = �
0Z

+1

e�nx (�x)m e�xdx

= (�1)m
+1Z
0

xme�(n+1)xdx

=
(�1)mm!
(n+ 1)m+1

then
1Z
0

lnm t

1 + t
dt = (�1)mm!

+1X
n=0

(�1)n

(n+ 1)m+1
= (�1)m+1m!

+1X
n=1

(�1)n

nm+1
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and by the remark

+1X
n=1

(�1)n + 1
n�u+1

= 2
+1X
n=1

1

(2n)m+1
=
1

2m

+1X
n=1

1

nm+1
(3.2)

we have

1Z
0

lnm t

1 + t
dt = (�1)m+1m!

 
1

2m

+1X
n=1

1

nm+1
�

+1X
n=1

1

nm+1

!
=
(�1)m+1m! (1� 2m)

2m

+1X
n=1

1

nm+1

Corollay 3.1 As an application for some values of m we have

1Z
0

ln t

1 + t
dt =

�1
2

+1X
n=1

1

n2
= � 1

12
�2 (3.3)

1Z
0

ln2 t

1 + t
dt =

3

2

+1X
n=1

1

n3
=
3

2
� (3) (3.4)

1Z
0

ln3 t

1 + t
dt =

�21
4

+1X
n=1

1

n4
=
�21
4
� (4) (3.5)

3.4 Some values of

1Z
0

lnn(1�t)
tm dt

The College Mathematics Journal is an expository magazine it publishes well-written and

captivating articles exploring new mathematics, or old mathematics in a new way. Most

of its articles are accessible to upper-level undergraduate students.

In this section we have detailed the proof of the problem 1117 (College Mathemat-

ics Journal 2018), proposed by C. I. V¼alean (Romania). Solution given by Khristo N.

Boyadzhiev, Ohio Northern University Department of Mathematics and Statistics.

Problem 3.4 Let n and m be a positive integer. Then the following equality holds

1Z
0

lnn (1� x)
xm

dx = (�1)n n!
+1X
k=1

1

kn+1

�
m+ k � 2
k � 1

�
: (3.6)



28

Proof. We have by the substitution x = 1� e�t we write

1Z
0

lnn (1� x)
xm

dx = (�1)n
+1Z
0

tne�t

(1� e�t)mdt = (�1)
n

+1Z
0

tne�t
1X
k=0

�
�m
k

�
(�1)k e�ktdt

= (�1)n
1X
k=0

(�1)k
�
�m
k

� +1Z
0

tne�(k+1)tdt

= (�1)n n!
1X
k=0

(�1)k

(k + 1)n+1

�
�m
k

�
= (�1)n n!

1X
k=0

1

(k + 1)n+1

�
m+ k � 1

k

�
:

= (�1)n n!
+1X
k=1

1

kn+1

�
m+ k � 2
k � 1

�
:

Corollay 3.2 As an application for this problem we have

1Z
0

ln (1� x)
x

dx = �� (2) (3.7)

1Z
0

ln2 (1� x)
x

dx = 2� (3) (3.8)

1Z
0

�
ln (1� x)

x

�2
dx = 2� (2) (3.9)

1Z
0

ln3 (1� x)
x

dx = �6� (4) (3.10)

Problem 3.5 Let n be a positive integer. Then the following identity holds

1Z
0

lnn (1� x)
xm

dx = n

n�1X
k=1

(�1)k�1 s (n� 1; k) � (n+ 1� k) :

where s (n� 1; k) is the Stirling numbers of the �rst kind de�ned as

x (x� 1) � � � (x� n+ 1) =
nX
k=0

s (n; k)xk:
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Proof. For the proof we shall transform both sides of this equation to one and the same

expression.

Left hand side. Taking n = m in relation (3.6), we get

1Z
0

�
ln (1� x)

x

�n
dx = (�1)n n!

+1X
k=1

1

kn+1

�
n+ k � 2
k � 1

�
= (�1)n n!

+1X
k=0

1

(k + 1)n+1

�
n+ k � 1

k

�
:

Right hand side

n
n�1X
k=1

(�1)k�1 s (n� 1; k) � (n+ 1� k) = n

n�1X
k=1

(�1)k�1 s (n� 1; k)
+1X
j=1

jk

jn+1

= n
+1X
j=1

1

jn+1

n�1X
k=1

(�1)k�1 s (n� 1; k) jk

= n

+1X
j=1

(�1)n

jn+1

n�1X
k=1

(�1)n+k�1 s (n� 1; k) jk:

By using the de�nition of s (n� 1; k), we get

n
n�1X
k=1

(�1)k�1 s (n� 1; k) � (n+ 1� k) = (�1)n n
+1X
j=1

j (j + 1) � � � (j + n� 2)
jn+1

= (�1)n n
+1X
j=0

(j + 1) (j + 2) � � � (j + n� 1)
(j + 1)n+1

= (�1)n n (n� 1)!
+1X
j=0

(j + n� 1)!
(n� 1)!j! (j + 1)n+1

= (�1)n n!
+1X
k=0

1

(k + 1)n+1

�
n+ k � 1

k

�

which is exactly the expression above. The proof is completed.

3.5 Some properties of dilogarithm function Li2 (x)

The dilogarithm function is the function de�ned by the power series

Li2 (x) =
+1X
n=1

1

n2
xn for jxj < 1

is a classical function of mathematical physics. Introduced by Leibniz in 1696 [[15],

p. 351] and thoroughly discussed by Euler some seventy years later [[11], pp. 124�

126], it has subsequently been well studied in the literature (for further historical details
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concerning the function see, for example, [18]). The canonical integral representation for

the dilogarithm is

Li2 (x) = �
xZ
0

ln (1� t)
t

dt: (3.11)

The �rst work on it seems to have been done by Landen and published in 1760. Inde-

pendently Euler studied it, and they obtained results such as

Li2 (x) + Li2 (1� x) =
�2

6
� lnx ln (1� x) Euler�s re�exion formula

Li2 (x) + Li2

�
x

x� 1

�
= �1

2
ln2 (1� x) Landen�s identity

The �rst book on this function was by Spence [24] in 1809. Considering the importance

of this fonction, where he aded

Li2 (x) + Li2 (�x) =
1

2
Li2
�
x2
�
; duplication formula

Li2 (�x) + Li2
�
�1
x

�
= ��

2

6
� 1
2
ln2 x; inversion formula.

Firstly, we given simple proof of Euler�s re�exion formula.

we have by the substitution z = 1�t and integration by part in the following secondary
integrale

Li2 (x) + Li2 (1� x) = �
xZ
0

ln (1� t)
t

dt�
1�xZ
0

ln (1� t)
t

dt

= �
xZ
0

ln (1� t)
t

dt+

xZ
1

ln z

1� zdz

= �
xZ
0

ln (1� t)
t

dt� [ln z ln (1� z)]x1 +
xZ
1

ln (1� z)
z

dz

= �
xZ
0

ln (1� t)
t

dt� lnx ln (1� x) +
0Z
1

ln (1� z)
z

dz +

xZ
0

ln (1� z)
z

dz

= � lnx ln (1� x)�
1Z
0

ln (1� z)
z

dz

by the identity (3.7) the proof is complete of Euler�s re�exion formula is complete.
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Substituting x = 1
2
into Euler�s re�exion formula leads to the special value

Li2

�
1

2

�
=
�2

12
� 1
2
ln2
1

2
:

The following theorem is proved In 2022 by S. M. Stewart �Some simple proofs of Lima�s

two-term dilogarithm identity.

Theorem 3.1 For jxj � 1 the following dilogarithms holds

Li2

�
1� x
1 + x

�
� Li2

�
�1� x
1 + x

�
=
�2

4
+ Li2 (�x)� Li2 (x) + lnx ln

1 + x

1� x

Proof. In view of (3.11) it is immediate that

d

dx
Li2 (x) = �

ln (1� x)
x

:

Consider

d

dx

�
Li2

�
1� x
1 + x

�
� Li2

�
�1� x
1 + x

��
=

2

1� x2 ln
2x

x+ 1
� 2

1� x2 ln
2

x+ 1

=
2

1� x2 lnx:

Integrating the above expression with respect to x gives

Li2

�
1� x
1 + x

�
� Li2

�
�1� x
1 + x

�
=

Z
2

1� x2 lnxdx+ C

=

Z
lnx

1� xdx+
Z
lnx

1 + x
dx+ C

after a partial fraction decomposition has been employed. Here C is an arbitrary constant

of integration. Making the change of variable x = 1�t, we see that the �rst above integral
appearing is Z

lnx

1� xdx = Li2 (1� x)

integrating by parts followed by a change of variable of x = �t leads toZ
lnx

1 + x
dx = ln x ln (1 + x) + Li2 (�x)

then

Li2

�
1� x
1 + x

�
� Li2

�
�1� x
1 + x

�
= Li2 (1� x) + Li2 (�x) + lnx ln (1 + x) + C

To �nd the constant C, we set x = 0, we �nd then

C = �Li2 (�1) =
�2

12
:
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3.6 Values of

1Z
0

ln(1�x) ln2(1+x)
x dx

In this section we have detailed the proof of the problem 11993 (American Mathematical

Monthly, Vol.124, August-September 2017), this problem is proposed by C. I. V¼alean (Ro-

mania). Solution proposed by Roberto Tauraso, Dipartimento di Matematica, Universit�a

di Roma �Tor Vergata�, via della Ricerca Scienti�ca, 00133 Roma, Italy.

Problem 3.6 The following identity holds

1Z
0

ln (1� x) ln2 (1 + x)
x

dx = � �
4

280

Proof. By letting a = ln (1� x) and b = ln (1 + x) in the following identity

6ab2 = (a+ b)3 + (a� b)3 � 2a3;

we get

I =

1Z
0

ln (1� x) ln2 (1 + x)
x

dx =
I1 + I2 � 2I3

6

where

I1 =

1Z
0

ln3 (1� x2)
x

dx; I2 =

1Z
0

ln3 1�x
1+x

x
dx and I3 =

1Z
0

ln3 (1� x)
x

dx:

By the substitution t = 1� x2 and the relation (3.10)

I1 =

1Z
0

ln3 (1� x2)
x

dx =
1

2

1Z
0

ln3 t

1� tdt

=
1

2

1Z
0

ln3 (1� x)
x

dt = �3� (4) :
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and by the substitution (t = 1�x
1+x
, dt = �2

(1+x)2
, x = 1�t

1+t
) and the relations (3.5), (3.10)

I2 =

1Z
0

ln3 1�x
1+x

x
dx = 2

1Z
0

ln3 t

(1� t) (1 + t)dt

=

1Z
0

ln3 t

1� tdt+
1Z
0

ln3 t

1 + t
dt =

1Z
0

ln3 (1� t)
t

dt+

1Z
0

ln3 t

1 + t
dt

= �6� (4)� 21
4
� (4) = �45

4
� (4)

�naly

I =
I1 + I2 � 2I3

6
= �3

8
� (4) = � 1

240
�4:

3.7 Some applications of Logarithmic Integrals

A variety of identities involving harmonic numbers and generalized harmonic numbers

have been investigated since the distant past and involved in a wide range of diverse �elds

such as analysis of algorithms in computer science, various branches of number theory.

Here we show how one can obtain certain in�nite series involving harmonic numbers.

We have detailed the proof of the problem 11682 (American Mathematical Monthly,

Vol.119, December 2012) Proposed by Ovidiu Furdui (Romania).

Problem 3.7 The following identity holds

+1X
n=1

Hn
n2

= 2� (3) :

Proof. We proceed as follow

+1X
n=1

Hn
n2

=
+1X
n=1

1

n

Hn
n
= �

+1X
n=1

1

n

1Z
0

xn�1 ln (1� x) dx
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by the relations (3.1), (2.9) and (3.8) we have

+1X
n=1

Hn
n2

=
+1X
n=1

1

n

Hn
n
= �

+1X
n=1

1

n

1Z
0

xn�1 ln (1� x) dx

= �
1Z
0

ln (1� x)
+1X
n=1

1

n
xn�1dx

= �
1Z
0

ln (1� x)
x

+1X
n=1

xn

n
dx

=

1Z
0

ln2 (1� x)
x

dx

= 2� (3) :

Problem 3.8 The following identity holds

+1X
n=0

(�1)n
 
+1X
k=1

(�1)k+1

n+ k

!2
=
�2

24
: (3.12)

Proof. Let

S =
+1X
n=0

(�1)n
 
+1X
k=1

(�1)k+1

n+ k

!2
;

And starting again from the representations

1

n+ k
=

1Z
0

xn+k�1dx

then
1X
k=1

(�1)k+1

n+ k
=

1Z
0

xn
1X
k=1

(�x)k�1 dx =
1Z
0

xn

1 + x
dx
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we continue this way

S = :

+1X
n=0

(�1)n
0@ 1Z
0

xn

1 + x
dx

1A2

=
+1X
n=0

(�1)n
0@ 1Z
0

xn

1 + x
dx

1A0@ 1Z
0

yn

1 + y
dy

1A
=

+1X
n=0

(�1)n
0@ 1Z
0

1Z
0

(xy)n

(1 + x) (1 + y)
dxdy

1A
=

1Z
0

1Z
0

(
+1X
n=0

(�xy)n
)

dxdy

(1 + x) (1 + y)

=

1Z
0

1Z
0

dxdy

(1 + xy) (1 + x) (1 + y)

Here we set u = y
x
to get

S =

1Z
0

8<:
xZ
0

1

(1 + u) (u+ x)
du

9=; 1

x+ 1
dx:

Using partial fractions

1

(1 + u) (u+ x)
=

1

x� 1

�
1

(u+ 1)
� 1

(u+ x)

�
we can evaluate the inside integral. The result is

S =

1Z
0

1

x2 � 1 ln
2

1 + x
dx:

The substitution ( 2
1+x

= 1+ t; x = 1�t
1+t
; dx = �2

(1+t)2
dt) transforms this integral into a more

transparent one

S =
1

2

1Z
0

ln (1 + t)

t
dt:

By the relation (3.2) and the folowing remark

S =
1

2

1Z
0

(
+1X
k=1

(�1)k�1

k
tk

)
1

t
dt =

1

2

+1X
k=1

(�1)k�1

k
:

the proof is complete of this problem.

Remark 3.1 The proof of the above problem (3.12) is given in 2022 by K. N. Boyadzhiev
(see [8])
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3.8 Example and problem

In this section, we solved an example and left one problem unsolved, out of curiosity to

look for the solution.

Example 3.1 1-Prove the following equality holds

1Z
0

ln (1� x) ln (1 + x)
x

dx = �5
8
� (3) :

2- Deduce
+1X
n=1

(�1)n Hn
n2

= �5
8
� (3) :

Let

I =

1Z
0

ln (1� x) ln (1 + x)
x

dx:

By letting a = ln (1� x) and b = ln (1 + x) in the following indication

4ab = (a+ b)2 � (a� b)2 ;

we get

I =

1Z
0

ln (1� x) ln (1 + x)
x

dx =
I1 � I2
4

where

I1 =

1Z
0

ln2 (1� x2)
x

dx and I2 =

1Z
0

ln2 1�x
1+x

x
dx :

by the substitution t = 1� x2 and the relation (3.8)

I1 =

1Z
0

ln2 (1� x2)
x

dx =
1

2

1Z
0

ln2 t

1� tdt

=
1

2

1Z
0

ln2 (1� x)
x

dt = � (3) :
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and by the substitution (t = 1�x
1+x
, dt = �2

(1+x)2
, x = 1�t

1+t
) and the relations (3.4), (3.8)

I2 =

1Z
0

ln2 1�x
1+x

x
dx = 2

1Z
0

ln2 t

(1� t) (1 + t)dt

=

1Z
0

ln2 t

1� tdt+
1Z
0

ln2 t

1 + t
dt =

1Z
0

ln2 (1� t)
t

dt+

1Z
0

ln2 t

1 + t
dt

= 2� (3) +
3

2
� (3) =

7

2
� (3) ;

then

I =
I1 � I2
4

=
� (3)� 7

2
� (3)

4
= �5

8
� (3) :

2- By the relations (3.1), (2.9) and (3.8) we have

+1X
n=1

(�1)n Hn
n2

=
+1X
n=1

(�1)n

n

Hn
n
= �

+1X
n=1

(�1)n

n

1Z
0

xn�1 ln (1� x) dx

= �
1Z
0

ln (1� x)
+1X
n=1

(�1)n

n
xn�1dx

= �
1Z
0

ln (1� x)
x

+1X
n=1

(�x)n

n
dx

=

1Z
0

ln (1� x) ln (1 + x)
x

dx

= �5
8
� (3) :

Problem 3.9 1-Prove the following equality holds

1Z
0

ln (1� x) ln (1 + x)
1 + x

dx =
1

24

�
8 ln3 2� �2 ln 4 + 3� (3)

�
:

2- Deduce
+1X
n=1

(�1)n H
2
n

n
=
1

12

�
�2 ln 2� 4 ln3 2� 9� (3)

�
:



Conclusion

The main results of last chapter represent an interesting contribution in integral log-

arithms. They are obtained by using technical operations on binomial coe¢ cients and

harmonic numbers.

Even today, the study of the calculation of inde�nite integrals concerning logarithms,

log-sin integrals or others is an important research topic have been widely studied in many

papers.

Many questions arise, how to evaluate the integral or calculate the partial sum of the

series such
+1X
n=1

Hm
n;l

ns
:
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